Numerical Integration

Simulation Methods in Acoustics



Motivation

Integration of a BEM matrix element
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Conclusion: Numerical integration of complex functions over
regular (standard) domains



Problem Definition

Quadrature rule

Classification:
» Newton-Cotes quadrature (equidistant interpolation)
» Gaussian quadrature

Quadrature size: n number of function samples
Quadrature order: Highest polynomial order integrated accurately.



Newton-Cotes quadrature

Lagrange interpolation with equidistant samples
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Gaussian Quadrature
Let f(x) be a polynomial of order 2n — 1

f(x) = p2n-1(x) (8)
Divide p by the n-th order polynomial g
P2n-1(x) = qn(x)dn-1(x) + ra-1(x) (9)
Then the integral yields
1 1 1
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If g is orthogonal to every polynomial up to order n — 1 then the
integral simplifies to the integral of the remainder

/ 1 pan_1(x)dx = / 1 Fo_1(x)dx (11)

-1 -1



Gaussian Quadrature

Let x; be the n roots of g,(x). In this case
p2n-1() = rn-1(x}) (12)

so we have n samples of the n — 1-th order remainder. The
remainder is then reconstructed and integrated.
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Integration over rectangles

Tensor product quadrature
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Quadrature points: (x;, x;), weights: w; - w;



Integration over triangles

/01 /OX f(x,y)dydx (14)

Duffy transform: y = nx, dy = xdn
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Equivalent to integration over a distorted rectangle with corners
(0,0),(1,0),(0,1),(0,0)



Singular integrals — Static Part Subtraction
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Static part subtraction:

Ga(k, r) = G3(0, r) + (Gs(k, r) — G3(0, r)) (17)

regular, Gaussian quad

(18)
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The static part is integrated analytically



