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Summary
In this paper, we present the theoretical basics and implementation strategies for sound field reproduction using
circular and spherical loudspeaker arrays. The presented approach can be seen as an analytical formulation of
what is known as higher order Ambisonics. It relies on the assumption of a continuous distribution of secondary
sources on which sampling is performed to yield the loudspeaker driving signals for real-world implementations.
We present the theoretical derivation of the loudspeaker driving signals and investigate the properties of the actual
reproduced wave field, whereby the focus lies on the consequences of the spatial discretization of the secondary
source distribution.

PACS no. 43.38.Md, 43.60.Fg, 43.60.Sx, 43.60.Tj

1. Introduction

Since several decades, the problem of physically recreat-
ing a given wave field has been addressed in the audio
community. It turned out that two alternative approaches
exist. The first of these approaches bases on the straight-
forward solution of the reproduction equation for the loud-
speaker driving signals. The alternative is known as wave
field synthesis (WFS), e.g. [1], and is directly derived from
the Kirchhoff-Helmholtz integral equation.

In this article we concentrate on the former. The best-
known representative of these approaches is Ambisonics
[2]. The desired wave field is typically described via its
spatial harmonics expansion coefficients [3]. These can
be yielded either from appropriate microphone recording
techniques [4] (data-based reproduction) or virtual sound
scenes may be composed of virtual sound sources whose
spatial harmonics expansion coefficients are derived from
analytical source models (model-based reproduction).

The original Ambisonics approach [3] is based on the
assumption of a finite number of discrete loudspeakers
whose emitted wave fields superpose to an approximation
of the desired one. Typically, numerical algorithms are em-
ployed to find the appropriate loudspeaker driving signals.

Besides Ambisonics alternative formulations like [5, 6,
7, 8] exist which all follow a similar strategy. The dif-
ference between these proposals is mainly the numerical
algorithm which solves the employed equation system.
However, we are aware that this is a disputable question.
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Some of the above mentioned approaches of the first
type, especially [5, 6, 8], are principally not limited to
specific loudspeaker setups. However, their formulation
does not exploit any a priori knowledge of the actual loud-
speaker setup giving away the potential to reduce compu-
tational complexity. The computational complexity is gen-
erally very high in [3, 7, 5, 6, 8] due to the numerical al-
gorithms employed.

As outlined by the authors in [9], the theoretical basis
for the presented work is the so-called simple source ap-
proach [10] which has gained only little attention in con-
junction with sound field reproduction so far. An equiva-
lent formulation has been published in parallel in [11].

Wave-field synthesis, the alternative to the above men-
tioned approaches, e.g. [1], employs a modified formula-
tion of the Kirchhoff-Helmholtz integral to determine the
loudspeaker driving signals. Numerous attempts of com-
paring the two alternatives have been made during the
years, e.g. [12]. However, the results are rather unsatis-
fying, mostly due to the fact that Ambisonics and its rel-
atives rely on a discrete formulation, wave field synthesis
on a continuous one. The presented approach constitutes
a significant step towards an analytical comparison as per-
formed in [13].

A comparative numerical study of a selection of sound
field reproduction approaches can be found in [14] which
shows that all investigated methods perform comparably in
terms of accuracy. It can not be expected to significantly
gain accuracy in the reproduction employing an analyti-
cal formulation. However, as noted above, there is indeed
potential to reduce the computational complexity. Further-
more, contrary to the analytical method presented in this
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paper, numerical methods such as [3, 5, 6, 7, 8] give only
little insight into the general properties of the reproduced
wave field.

1.1. Nomenclature

The following notational conventions are used: For scalar
variables lower case denotes the time domain, upper case
the temporal frequency domain. Vectors are denoted by
lower case boldface. The three-dimensional position vec-
tor in Cartesian coordinates is given as x = [x y z]T .
The Cartesian coordinates are linked to the spherical co-
ordinates via x = r cos α sin β, y = r sin α sin β, and
z = r cos β. α denotes the azimuth, β the elevation. Confer
also to Figure 1. For functions dependent on spatial coor-
dinates, we use the notations F (x) respectively F (r, α, β)
to emphasize a given coordinate system.

The acoustic wavenumber is denoted by k. It is related
to the temporal frequency by k2 = (ω/c)2 with ω being
the radial frequency and c the speed of sound. Propagating
monochromatic plane waves and outgoing spherical waves
are denoted by e−ikT

pwx and (1/r)e−irω/c respectively, with
kT

pw = (ω/c)[cos θpw sinφpw sin θpw sinφpw cosφpw]T

and (θpw, φpw) denoting the propagation direction of the
plane wave. i is the imaginary unit (i =

√−1).
Due to the continuous formulation, we will not refer to

loudspeakers but rather to secondary sources respectively
their distributions and also to secondary source driving
functions rather than to loudspeaker signals.

The term driving function as referred to in this paper,
denotes the function D(ω) by which an input signal Ŝ(ω)
has to be filtered to yield the secondary source driving sig-
nal SD(ω). In the temporal frequency domain this formu-
lation reads

SD(ω) = Ŝ(ω) ·D(ω). (1)

We occasionally refer to two-dimensional wave fields. In
this case a given wave field P (x, ω) is independent of
one of the spatial coordinates, so that e.g. P (x, y, z, ω) =
P (x, y, ω).

1.2. Mathematical preliminaries

In this paper, we exclusively treat monochromatic steady-
state wave fields, thus

P (x, ω) = P (x, ω) · 2πδ(ω − ω0), (2)

with δ(·) denoting the Dirac delta function. The broadband
driving function as used in (1) is yielded by evaluating the
monochromatic driving function for different frequencies
over the desired bandwidth.

Due to the sifting property of the Dirac delta function
[15], P (x, ω) on the right-hand side of (2) can be written as
P (x, ω0) and the transformation of (2) to the time domain
reads

p(x, t) = P (x, ω0) · eiω0t. (3)
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Figure 1. The coordinate systems used in this paper. a) Spatial
domain, b) Wave number domain.

We therefore do not explicitly consider the time domain
since P (x, ω0) already contains all information. We use
complex notation for harmonic signals. When wave fields
are illustrated in figures, only the real part is depicted.

A propagating wave field can be described by its spher-
ical harmonics expansion as [10]

F (x, ω) =
∞

n=0

n

m=−n
F̊m
n (r, ω)Y m

n (α, β). (4)

The expansion coefficients F̊m
n (r, ω) are

F̊m
n (r, ω) = F̆m

n (ω)jn
ω

c
r , (5)

whereby jn(ωr/c) denotes the n-th order spherical Bessel
function of first kind [10].

The spherical harmonics Y m
n (α, β) are defined as

Y m
n (α, β) =

(2n + 1)
4π

(n − m)!
(n + m)!

· Pm
n (cos β) · e imα, (6)

with Pm
n (·) denoting the m-th order associated Legendre

polynomial of n-th degree.

The Fourier series expansion of a two-dimensional
propagating wave field is [10]

F (r, α, ω) =
∞

m=−∞
F̊m(r, ω) e imα. (7)
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2. The ambisonics approach

2.1. General outline

The term Ambisonics goes back to Michael Gerzon, the
protagonist of the early Ambisonics years. It is Latin and
literally means surround sound [16]. However, a clear
technical definition of the approach does not exist.

In the basic three-dimensional Ambisonics approach,
the loudspeakers of the respective reproduction system are
located on a sphere around the listening area. Both the de-
sired wave field as well as the sound fields emitted by the
loudspeakers are expanded into series of orthogonal ba-
sis functions [2, 3]. More recent Ambisonics approaches
are typically referred to as higher order Ambisonics. How-
ever, the term higher order is rather a historical rudiment.
It simply emphasizes the fact that the expansions are not
restricted to low (e.g. 1) expansion orders. The main mo-
tivation for concentrating on low orders is the fact that
sound field recording techniques are limited to low orders
(confer to sections 6.2 and 6.3).

In this paper, we describe a generic theoretical frame-
work whose basic formulation does not take practical lim-
itations a priori into account. We therefore waive the at-
tribute higher order and implicitly speak of what is termed
higher order Ambisonics, whenever we use the term Am-
bisonics. We comment on practical limitations wherever
they arise.

The expansion of the involved wave fields into spa-
tial basis functions allows for a mode matching procedure
which leads to an equation system that is solved for the
optimal loudspeaker driving signals. These drive the loud-
speakers such that their superposed wave fields best ap-
proximate the desired one in a given sense,

P (x, ω) =
N−1

n=0

D(xn, r0, ω) · G(x − xn, ω), (8)

where P (x, ω) denotes the desired wave field, D(xn, r0, ω)
the driving signal of the loudspeaker located at the posi-
tion xn = r0 · [cos αn sin βn sin αn sin βn cos βn]T , and
G(x − xn, ω) its spatio-temporal transfer function. Typi-
cally, numerical algorithms are employed to find the ap-
propriate loudspeaker driving signals. These algorithms
tend to be computationally costly and only little insight
into the properties of the actual reproduced wave-field is
gained.

The Ambisonics approach is usually divided into an
encoding and a decoding stage to allow for storing and
transmission of content independently from the loud-
speaker setup. For ease of illustration we will skip the en-
coding/decoding procedure and directly derive the loud-
speaker driving signals from the initial virtual wave field
description. The encoding and decoding of wave fields is
separately described in section 6.3.

2.2. Continuous formulation

The formulation of the basic Ambisonics equation (8) for
a continuous secondary source distribution on a sphere
whose center resides in the coordinate origin reads [9]

P (x, ω) =
Ω0∈S2

R

D(Ω0, ω) · G(x − x0, ω) dΩ0, (9)

whereby Ω0 denotes the surface of the sphere with radius
r0 on which the secondary sources are located. x0 is a point
on the sphere at

x0 = r0 cos α0 sin β0 sin α0 sin β0 cos β0
T
.

The explicit integration operation is

Ω0

dΩ0 =
2π

0

π

0
r0 sin β0 dβ0dα0.

Note that a formulation of equation (9) for continuous lin-
ear and planar secondary source distributions can be found
in [17].

When the spatial transfer function of the loudspeakers
is modeled as spherical wave with flat temporal frequency
response, equation (9) essentially constitutes the simple
source approach for an interior problem in a spherical vol-
ume [10, 18]. In this case G(x − x0, ω) can be interpreted
as three-dimensional free-field Green’s function.

The simple source approach for interior problems states
that the acoustic field generated by events outside a vol-
ume can also be generated by a continuous distribution of
secondary simple sources replacing these events and en-
closing the respective volume [10]. Note that other than the
Kirchhoff-Helmholtz integral equation, the simple source
approach does not pose any restrictions on the wave field
in locations outside of the sphere (|x| > r0).

A fundamental property of (9) is its inherent non-
uniqueness and ill-posedness [18]. I.e. in certain situa-
tions, the solution is undefined and so-called critical or
forbidden frequencies arise. These forbidden frequencies
are discrete and represent the resonances of the spherical
cavity. In simple words, resonances exhibit a zero on the
boundary of the cavity. Since the secondary sources are
positioned in these zeros, they can not excite the respec-
tive mode. However, there are indications that the forbid-
den frequencies are only of minor relevance when prac-
tical implementations are considered [10]. Confer also to
sections 3 and 4.1.

3. Spherical secondary source distributions

In this section, we illustrate how wave field reproduction
according to (9) and thus according to the simple source
approach can be accomplished.

Equation (9) can be interpreted as a convolution along
the surface of a sphere. In that case, the convolution theo-
rem

P̊m
n (r, ω) = 2πr0

4π
2n + 1

D̊m
n (ω) · G̊0

n (r, ω), (10)
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and thus

D̊m
n (ω) =

1
2πr0

2n + 1
4π

P̊m
n (r, ω)

G̊0
n (r, ω)

(11)

applies [19]. The asymmetry of the convolution theorem
(10), P̊m

n (r, ω) vs. G̊0
n (r, ω) is a consequence of the defini-

tion of (9) as left convolution. An according convolution
theorem for right convolutions exists [19]. Note that (10)
is the analog to the mode-matching which is performed in
the traditional Ambisonics approach, e.g. [3].

Introducing the explicit expression for the coefficients
P̊m
n (r, ω) resp. G̊0

n (r, ω) given by (5) into (11),

D̊m
n (ω) =

1
2πr0

2n + 1
4π

P̆m
n (ω) · jn ω

c r

Ğ0
n (ω) · jn ω

c r
, (12)

it can be seen that the parameter r appears both in the nu-
merator as well as in the denominator in (12) in the func-
tion jn

ω
c r . For jn ω

c r = 0, jn ω
c r and thus r cancel

out directly. For ω
c r = 0, de l’Hôpital’s rule [20] can be

applied to proof that jn(0) also cancels out. The driving
function is thus independent from the receiver position in
these cases.

However, in particular situations, i.e. when jn(ωr/c) =
0 and ω

c r = 0, (12) can be undefined. In this case forbidden
frequencies arise (confer to section 2.2).

A mathematical workaround to get rid of forbidden fre-
quencies and therefore to avoid computational instabilities
in practical implementations is to reference the reproduced
wave field to the center of the secondary source distri-
bution [10]. Then all Bessel functions in (11) cancel out
yielding

D̊m
n (ω) =

1
2πr0

2n + 1
4π

P̆m
n (ω)

Ğ0
n (ω)

. (13)

The secondary source driving function D3D(α, β, ω) for
three-dimensional reproduction of a desired wave field
with expansion coefficients P̆m

n (ω) is then

D3D(α, β, ω) =
1

2πr0

·
∞

n=0

n

m=−n

2n + 1
4π

P̆m
n (ω)

Ğ0
n (ω)

Y m
n (α, β). (14)

The coefficients P̆m
n (ω) resp. Ğ0

n (ω) can be found in Ta-
ble I for a selection of analytical source models. Confer
also to section 6.3.

The coefficients Ğ0
n (ω) describe the spatial transfer

function of the employed secondary sources. These need
not be modeled as a point source as it is commonly neces-
sary in alternative approaches. In principle, any secondary
source transfer function that does not exhibit zeros can be
handled in the presented approach. However, the direc-
tivity characteristics have to be equal for all loudspeak-
ers. Note that the coefficients Ğ0

n (ω) respectively G̊0
n (r, ω)

as used throughout this paper assume that the secondary

Table I. Expansion coefficients as defined by equation (5) for a
selection of wave fields. (θpw, φpw) denotes the propagation di-
rection of a plane wave, xs respectively (rs, αs, βs) denote the po-
sition of a source. h(2)

n (·) denotes the n-th order spherical Hankel
function of second kind [10].

type expansion coefficient P̆m
n (ω)

plane wave 4π(−i)nY m
n (θpw, φpw)∗

point source −iω
c
h

(2)
n ( ω

c
rs)Y m

n (αs, βs)∗

complex source C̆m
n (ω)Λm

n (xs) (see text)

source is situated at the position (r = r0, α = 0, β = 0)
and is orientated towards the coordinate origin. G̊0

n (r, ω)
can be yielded either from measurements or from analyti-
cal source models.

Equation (14) can be verified by inserting it into (9). Af-
ter interchanging the order of integration and summation
and exploitation of the orthogonality of the spherical har-
monics, one arrives at the desired wave field, thus proving
perfect reproduction. Note this is also true when the repro-
duced wave field is referenced to the center.

Since the coefficients P̆m
n (ω) and Ğ0

n (ω) apparent in
equation (14) are derived from interior expansions, (14)
generally only holds for |x| < r0 [10].

4. Circular secondary source distributions

Sound field reproduction systems are frequently restricted
to reproduction in the horizontal plane. The secondary
sources are arranged on a circle. In this case, the acous-
tic scene to be reproduced as well as the receiver positions
are bounded to the horizontal plane. In other words, the
listener’s ears have to be in the same plane like the sec-
ondary sources. For this two-dimensional setup the free-
field Green’s function required by the simple source ap-
proach can be interpreted as the spatial transfer function
of a line source. This case is treated e.g. in [11, 21].

However, implementations of such systems usually em-
ploy loudspeakers with closed cabinets whose spatial
transfer function is more accurately modeled by that of
a point source. This secondary source type mismatch pre-
vents us from perfectly recreating any source-free wave
field inside the secondary source array. We have to expect
artifacts. This circumstance is also a well treated prob-
lem in WFS [13]. The approach of employing secondary
sources which are intended for three-dimensional repro-
duction in such an imperfect two-dimensional scenario is
typically referred to as 21/2-dimensional reproduction.

The following derivation has been presented by the au-
thors in [9].

4.1. Derivation of the driving function

For a circular distribution of secondary point sources,
equation (9) degenerates to

P (x, ω) =
2π

0
D(α0, ω) · G(x − x0, ω) r0 dα0. (15)
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To bound our area of interest to the horizontal plane we set
the elevation angle β in all position vectors to π/2 in the
remainder of this section.

Equation (15) can be interpreted as a circular convolu-
tion and thus the convolution theorem [10]

P̊m(r, ω) = 2πr0 D̊m(ω) G̊m(r, ω) (16)

and therefore

D̊m(ω) =
1

2πr0

P̊m(r, ω)

G̊m(r, ω)
(17)

featuring the Fourier series expansion coefficients D̊m(ω),
P̊m(r, ω), and G̊m(r, ω) applies. Note that equation
(16) only holds for two-dimensional wave fields. Since
P̊m(r, ω) and G̊m(r, ω) are generally three-dimensional,
(16) only holds in the horizontal plane (i.e. for β = π/2).

From equations (17) and (7) we can deduct that

D(α, ω) =
1

2πr0

∞

m=−∞

P̊m(r, ω)

G̊m(r, ω)
e imα. (18)

We reformulate the spherical harmonics expansion given
by equation (4) by exchanging the order of summations to
reveal the Fourier series expansion coefficients reading

F (r, α, β =
π

2
, ω) =

∞

m=−∞
e imα

·
∞

n=|m|
F̆m
n (ω)jn

ω

c
r

2n + 1
4π

(n − m)!
(n + m)!

Pm
n (0)

F̊m(r,ω)

. (19)

Introducing the explicit formulation of the Fourier se-
ries expansion coefficients P̊m(r, ω) and G̊m(r, ω) given by
(19) into (18) yields the explicit driving function D(α, ω).
Analysis of the latter reveals that unlike the case of spheri-
cal secondary source distributions treated in section 3, the
radius r does not cancel out. r appears both in the nu-
merator as well as in the denominator in the summation
over n in the argument of the spherical Bessel function
jn

ω
c r . The driving function is therefore dependent on the

receiver position. This finding has already been derived in
[6]. We thus have to reference the reproduced wave field
to a specific radius which is then the only location where
the reproduction is correct. Due to the complex mathe-
matical structure of the numerator and the denominator
in (18), the investigation of forbidden frequencies is not
straightforward. We therefore propose to reference the re-
produced wave field to the center of the secondary source
array (r = 0) avoiding the formation of forbidden frequen-
cies as described below.

At a first stage, setting r = 0 in (18) leads to an unde-
fined expression of the form 0

0 for n = 0 since spherical
Bessel functions of argument 0 equal 0 ∀n = 0. Applica-
tion of de l’Hôpital’s rule [20] proves that the expression

is defined for r = 0 and finally yields the driving function
D2.5D(α, ω) for 21/2-dimensional reproduction as

D2.5D(α, ω) =
1

2πr0

∞

m=−∞

P̆m
|m|(ω)

Ğm
|m|(ω)

e imα. (20)

Note that the summation over n in (19) reduces to a single
addend with n = |m|. Analogously to the reproduction us-
ing spherical secondary source arrays treated in section 3,
equation (20) generally only holds for |x| < r0 due to the
fact that the coefficients P̆m

|m|(ω) and Ğm
|m|(ω) are typically

derived from interior expansions [10].

4.2. Reproduced wave field

We yield the actual wave field reproduced by the circular
secondary source distribution by inserting (20) in (15) as

P2.5D(x, ω) =
∞

n=0

n

m=−n
P̆m
|m|(ω)

Ğm
n (ω)

Ğm
|m|(ω)

· jn
ω

c
r Y m

n (α, β) ∀ r < r0. (21)

Note that P̆m
|m|(ω) are the coefficients of the desired wave

field.
Figures 2a and 2b show the real part and the absolute

value of the sound pressure P2.5D,pw(x, ω) of a continuous
circular secondary monopole distribution with r0 = 1.5 m
reproducing a virtual plane wave of fpw = 1000 Hz with
propagation direction θpw = 3π/2. The angular bandwidth
of the driving function was limited to nmax = 40 for the
simulation. The analytical expression for P2.5D,pw(x, ω) is
yielded by inserting the appropriate coefficients listed in
Table I into (21).

From Figure 2a it can be seen that the wave fronts of
P2.5D,pw(x, ω) are indeed perfectly plane. Though, an am-
plitude decay of approximately 3dB per doubling of the
distance is apparent when following the propagation path
of the plane wave. Figure 2b further illustrates this ampli-
tude decay by depicting the absolute value of the sound
pressure in logarithmic scale. This inherent amplitude er-
ror is also known from WFS [22].

Further investigation of the reproduced wave field re-
veals that subtle spectral alterations are present.

5. Discretization of the secondary source
distribution

For the theoretic continuous spherical secondary source
distribution, any wave field which is source-free inside the
secondary source distribution can be perfectly reproduced
apart from the forbidden frequencies. The properties of the
continuous circular secondary source distribution are dis-
cussed in section 4.2.

Real-world implementations of audio reproduction sys-
tems will always employ a limited number of discrete sec-
ondary sources. The spatial discretization constitutes spa-
tial sampling and thus may produce spatial aliasing. In this
section, we discuss the consequences of spatial sampling.
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Figure 2. Sound pressure P2.5D,pw(x, ω) of a continuous circu-
lar distribution with radius r0 = 1.5 m of secondary monopole
sources reproducing a virtual plane wave of fpw = 1000 Hz and
unit amplitude with propagation direction θpw = 3π/2 referenced
to the coordinate origin. The secondary source distribution is in-
dicated by the dotted line. The wave field outside the secondary
source distribution was derived via the according exterior expan-
sions [10]. a) {P2.5D,pw(x, ω)}, b) 20 · log10 |P2.5D,pw(x, ω)|.

For convenience, we exemplarily consider two-dimen-
sional reproduction. It was shown in section 4.2, that am-
plitude errors emerge from using point-like sources as sec-
ondary sources for two-dimensional reproduction. It was
already noted in section 4 that line sources are the ap-
propriate choice as secondary sources for this case. In or-
der to purely investigate the consequences of spatial sam-
pling without additional amplitude errors, we will use line
sources as secondary sources in the following. The de-
rived results also hold qualitatively for point sources as
secondary sources.

Due to the fact that the driving functions presented in
this paper are generally valid only inside the secondary
source distribution, we only consider artifacts that arise
ibidem.

5.1. Spatial sampling artifacts

We consider a circular secondary line source distribution
which is sampled equi-angularly due to the practical rele-

vance of this setup. We follow the methodology developed
in [13, 23].

The discretization of the secondary source distribution
can be conveniently modeled by an angular sampling of
the continuous driving function

DS (α, ω) = D(α, ω)
L−1

l=0

δ(α − l

L
2π), (22)

whereby L denotes the total number of sampling points
(i.e. loudspeakers). It can be shown that the angular sam-
pling of the driving function results in repetitions of the
angular spectrum

D̊m,S (ω) =
∞

µ=−∞
D̊m+µL(ω). (23)

The reproduced wave field for a spatially sampled sec-
ondary source distribution is given by introducing (23)
into (16). Hence, the spatially sampled driving function
D̊m,S (ω) is weighted by the angular spectrum of the sec-
ondary sources. In the context of sampling, the secondary
sources can be regarded as spatial interpolators from the
boundary into the listening area.

The formation of spatial sampling artifacts depends on
the bandwidth of the angular spectrum of the driving func-
tion D(α, ω) and the secondary sources G(x − x0, ω). The
wave field of a secondary line source situated at x0 is given
as [10]

G(x − x0, ω) =
i

4
H

(2)
0 (k |x − x0|), (24)

where H (2)
0 (·) denotes the zeroth-order Hankel function of

second kind.
The angular spectrum of the secondary sources can be

derived by applying the shift theorem of the Hankel func-
tions [24] to (24) for α0 = 0 as

G̊m(r, ω) =
i

4
Jm

ω

c
r H

(2)
m

ω

c
r0 ∀ m, (25)

whereby Jm(·) denotes the m-th order Bessel function.
G̊m(r, ω) is thus not bandlimited with respect to the an-
gular frequency m.

For alias-free reproduction D̊m(ω) has to be bandlimited
with respect to the angular frequency m such that the rep-
etitions introduced due to sampling do not overlap (con-
fer to equation 23). For entirely artifact-free reproduction
G̊m(r, ω) also has to be bandlimited in order to suppress
the spectral repetitions of the sampled driving function.
Since especially the latter is not the case, artifact-free re-
production is in general not possible using circular arrays
of secondary monopoles. Note that when the repetitions
of the angular spectrum of D(α, ω) do not overlap, the re-
production is aliasing-free. The artifacts due to spatial dis-
cretization in this case are rather a consequence of the in-
appropriate reconstruction filter G̊m(r, ω) which does not
suppress the spectral repetitions of the driving function.
However, this type of reconstruction error is typically also
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referred to as spatial aliasing and we therefore do so as
well in the remainder of this paper.

Due to the weighting of the angular spectrum of the
driving function by with the angular spectrum of the sec-
ondary sources, spatial sampling artifacts will be more
prominent for higher frequencies. This follows directly
from the properties of the involved Bessel and Hankel
functions.

As noted above, it is desirable that the angular spec-
trum of D(α, ω) is bandlimited in order to prevent spectral
overlapping. The maximum angular bandwidth doing so is
a bandwidth of one repetition of the sampled driving func-
tion D̊m,S (ω), thus

D(α, ω) =
1

2πr0

M

m=−M
D̊m(ω) e imα, (26)

with M = (L−1)/2 for odd L and accordingly for even L.
This results in a sampled driving function DS (α, ω) read-
ing

DS (α, ω) =
1

2πr0

M

m=−M

∞

µ=−∞
D̊m(ω) e i(m+µL)α. (27)

In order to quantify the spatial sampling artifacts a specific
desired wave field has to be considered. Since arbitrary
wave fields can be decomposed into plane waves [10], a
plane wave is exemplarily chosen as desired wave field in
the following. The angular spectrum of a plane wave with
incidence angle θpw reads

P̊m,pw(r, ω) = i−mJm
ω

c
r e−imθpw . (28)

The continuous driving function Dpw(α, ω) is given by in-
troducing (28) and (25) into (26) as

Dpw(α, ω) =
1

2πr0

M

m=−M
(−4i)

i−me−imθpw

H
(2)
m (ωc r0)

=D̊m,pw(ω)

e imα. (29)

The sampled driving function DS,pw(α, ω) is yielded by
adopting (29) to (27). Note that in (29) the reproduced
wave field is referenced to the center of the secondary
source distribution in order to avoid the formation of for-
bidden frequencies (confer also to section 3).

The reproduced wave field for a spatially discrete sec-
ondary source distribution is then

PS,pw(x, ω) =
M

m=−M

∞

µ=−∞
ei(m+µL)α

· i−me−imθpw

H
(2)
m

ω
c r0

Jm+µL
ω

c
r H

(2)
m+µL

ω

c
r0 . (30)

For µ = 0, (30) represents the bandlimited desired wave
field, the terms for µ = 0 represent spatial sampling arti-
facts. From (30) it can be deducted that spatial sampling
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Figure 3. Reproduced wave field PS,pw(x, ω) and its spatial sam-
pling artifacts for a discrete circular distribution of L = 56 sec-
ondary line sources with a radius of r0 = 1.5 m when reproduc-
ing monochromatic plane wave of fpw = 2000 Hz and propaga-
tion direction θpw = 3π/2. 3 repetitions of the angular spectrum
are considered. a) Reproduced wave field, b) Spatial sampling
artifacts.

artifacts constitute a distortion of the spatial structure of
the reproduced wave field.

The effects of spatial sampling will be illustrated in the
following for a particular reproduction setup. The geo-
metrical parameters are chosen in accordance to the loud-
speaker system installed at the Usability Laboratory of
Deutsche Telekom Laboratories. Figure 3 illustrates the re-
produced wave field and its spatial sampling artifacts for
a circular system with N = 56 secondary line sources
placed on a circular contour with a radius of r0 = 1.5 m.
The desired wave field is a monochromatic plane wave of
fpw = 2000 Hz with propagation direction θpw = 3π/2.
The reproduced wave field without spatial sampling arti-
facts is depicted in Figure 5b.

In order to illustrate the spatial energy distribution of
the spatial sampling artifacts we additionally computed the
reproduced aliasing-to-signal ratio (RASR). The RASR is
defined as the energy ratio of the reproduced aliasing con-
tributions (respectively the spatial sampling artifacts) and
the desired wave field [23] with varying (temporal) band-
width of the reproduced wave field. Note that the percep-
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Figure 4. Reproduced aliasing-to-signal ratio (RASR) for the
wave field shown in Figure 3. The considered frequency range
is 0 − 2000 Hz. The values are clipped as indicated by the color-
bar.

tual relevance of the RASR is not clear. We use it due to
the lack of an alternative.

In general, the RASR will depend on the desired wave
field and the receiver position. The RASR is zero (−∞ dB)
for artifact-free reproduction. Figure 4 shows the RASR
for the above described reproduction scenario. In this case,
the considered frequency range is 0–2000 Hz.

The presented results show that the RASR depends on
the receiver position: The closer the receiver position is
to the center of the secondary source array, the lower is
the energy of the spatial sampling artifacts. Further inves-
tigation of the RASR reveals that the higher the temporal
bandwidth of the plane wave is, the more energy is con-
tained in the spatial sampling artifacts of the reproduced
field and the smaller gets the disc around the center where
only low artifacts are apparent for a given frequency range.

The spatial sampling artifacts are illustrated in Fig-
ure 3b. For the relatively low frequency of 2000 Hz already
a considerable amount of aliasing occurs. The amount
of aliasing increases further with the frequency. Since a
closer loudspeaker spacing (and therefore preferable spa-
tial sampling properties) than simulated is hardly feasi-
ble in practical implementations, it has to be noted that
sound reproduction in the full audible bandwidth (far be-
yond 15 kHz) can not be accurately accomplished due to
severe spatial sampling artifacts. There are indications that
the human ear is not very sensitive towards this type of ar-
tifacts when stationary situations are considered. Results
obtained in the context of wave field synthesis show that
spatial aliasing artifacts are perceived as a rather subtle
though audible timbral coloration [25]. However, it is not
clear how this perceived coloration is related to the RASR
and therefore no conclusion can be drawn from Figure 4 at
this stage.

5.2. Truncation error

In this section, we investigate the consequences that the
truncation of the spatial bandwidth of the driving func-
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Figure 5. Wave fields reproduced by a continuous circular dis-
tribution of secondary line sources with a radius of r0 = 1.5 m
when reproducing a monochromatic plane wave with propaga-
tion direction θpw = 3π

2 . The spatial bandwidth of the driving
functions and therefore of the reproduced wave field is limited to
the interval [−27; 27]. The secondary source distribution is indi-
cated by the dotted line. a) fpw = 1000 Hz, b) fpw = 2000 Hz.

tion introduced in (26) implies. Note that the findings in
this section are derived independently from spatial sam-
pling artifacts. For discrete loudspeaker setups, both ar-
tifacts combine. For convenience, we stay in two dimen-
sions. An extension of the following derivation to three
dimensions can be found in [26].

Rewriting (7), we yield

P (x, ω) =
∞

m=−∞
P̆m(ω)Jm

ω

c
r e imα (31)

as Fourier series expansion of a two-dimensional wave
field [10].

The normalized field truncation error as defined in [26]
reads

N (r0, ω) =
1

πr2
0

r0

0

2π

0

|P (x, ω) − PM (x, ω)|
|P̄ (ω)| dα r dr.(32)

P (x, ω) denotes a wave field with full angular band-
width as given in (31), PM (x, ω) is the same wave field
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whereby the expansion orders m are confined to the inter-
val [−M;M]. As suggested by (26), M should be chosen
equal to or smaller than (L − 1)/2 for odd numbers of
loudspeakers L and accordingly for even numbers in or-
der to prevent overlapping in the angular spectrum when a
discrete loudspeaker setup is considered.

The normalization in (32) takes place with respect to
the absolute value of the plane wave expansion |P̄ (ω)| of
the full-bandwidth wave field at r = 0 integrated along the
unit circle. Note that for plane waves with unit amplitude
P̄ (ω) = 1.

It can be shown that

|P (x, ω) − PM (x, ω)|
|P̄ (ω)| ≤ ηe−Δ (33)

holds for the integrand in (32), provided that the truncation
order is chosen as [26]

M =
erω

2c
+ Δ. (34)

In the above, η ≈ 0.16127, Δ is an integer and equal to or
larger than 0, and · denotes the integer ceiling function.

Equations (33) and (34) state that the upper bound of
the relative truncation error is 16.1% once M equals the
critical threshold erω/2c . For higher M , the relative
truncation error decreases at least exponentially as M in-
creases [26].

For sound field reproduction purposes, this implies that
a minimum truncation order and thus implicitly a min-
imum number of loudspeakers can be determined for a
given frequency ω and a given disc of radius r, above
which the relative truncation error decreases at least ex-
ponentially as the number of loudspeakers and the trunca-
tion order are increased. In order to determine guidelines
for the design of sound field reproduction systems, the re-
maining question to be answered is which amount of trun-
cation error is tolerated by the human ear without making
the perception distinguishable from full spatial bandwidth.

For the setup from Figure 3, i.e. r0 = 1.5 m and L = 56,
the frequency up to which (34) is fulfilled is approximately
700 Hz. Recall that the entire audible bandwidth signifi-
cantly exceeds 15 kHz. Therefore, severe truncation errors
have to be expected for a loudspeaker setup comparable to
the one considered here.

A fundamental property of the truncation error to note
is its dependency both on the frequency as well as on the
receiver position. This circumstance is illustrated in Fig-
ure 5 for a continuous circular distribution of secondary
line sources with a radius of r0 = 1.5 m when reproduc-
ing monochromatic plane waves of different frequencies.
The spatial bandwidth of the driving functions and there-
fore of the reproduced wave field is limited to the interval
[−27; 27]. It can be seen that a consequence of truncation
of the spatial bandwidth is the fact that the region of accu-
rate reproduction concentrates around the center of the ar-
ray with increasing frequency. In certain locations outside
the region of accurate reproduction the amplitude of the

reproduced wave field is relatively low. This follows di-
rectly from the properties of the involved Bessel and Han-
kel functions.

In other words, for broadband signals higher tempo-
ral frequencies are significantly attenuated with increas-
ing distance of the receiver position from the center of the
array in some directions. Thus, the sound color of the re-
produced wave field drastically changes.

6. Rendering techniques

6.1. Model-based reproduction

In model-based reproduction virtual acoustic scenes are
reproduced. The involved wave fields are described analyt-
ically. Table I gives a brief summary of the most common
employed source models. Of course, the source models ap-
ply both to the virtual as well as to the secondary sources.

Table I also features the expansion coefficients C̆m
n (ω)

Λm
n (xs) of virtual complex sources. These complex sources

can be both directional and/or spatially extended sources.
Their spatio-temporal transfer function is typically de-
scribed by the expansion coefficients C̆m

n (ω) assuming that
the source is situated in the origin of the coordinate sys-
tem. In order to yield the expansion coefficients of an arbi-
trary source position xs, appropriate translation and rota-
tion of the coefficients have to be applied. This operation
is indicated in Table I by the operator Λm

n (xs). Details can
be found in [27].

Note that an alternative approach to the reproduction of
virtual complex sources is presented in [28]. However, this
approach is rather pragmatic and is per se an approxima-
tion. We are therefore in favor of consequently staying in
the presented framework and describing virtual complex
sources as indicated in Table I.

A special situation arises when a virtual sound source
is positioned inside the secondary source distribution. The
properties of the virtual source’s wave field make it impos-
sible to reproduce the wave field correctly over the entire
listening area [29]. The reproduced wave field is only cor-
rect inside a sphere resp. a disc with a radius equal to the
distance of the virtual source from the coordinate origin.
Outside this sphere/disc, severe degradations of the wave
field occur, most notably a strong boost of low frequen-
cies [29]. In this situation, it is favorable not to reproduce
a virtual source but a focused wave field [30]. This fo-
cused wave field then exhibits the far-field radiation char-
acteristics of the intended virtual source in one half space.
This half space can be freely chosen with the only restric-
tion that its boundary has to contain the intended virtual
source’s position. See [30] for details.

6.2. Data-based reproduction

The reproduction capabilities of the presented approach
(as those of the alternative approaches) are not restricted to
virtual sound sources. Appropriately captured wave fields
can be recreated as well. In the latter case, the desired wave
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field is described by the expansion coefficients of the cap-
tured one. A thorough treatment of the properties and lim-
itations of the capturing approaches can be found e.g. in
[4, 31].

The accurate capturing of a sound field requires the syn-
thesis of higher microphone directivities than are avail-
able from traditional first order microphones. This can be
accomplished by employing microphone arrays. Due to
the secondary source geometry considered here, spherical
microphone arrangements are the most preferable choice.
They can provide equal properties for all angles of sound
incidence. The spherical wave spectrum of the captured
sound field (confer to (35)) and therefore its spatial encod-
ing can be obtained from the microphone signals. How-
ever, due to current practical limitations, only a few lower
order expansion coefficients can be obtained.

6.3. Spatial en-/decoding

The spatial wave field encoding and decoding procedure
outlined in this section was introduced in the context of
Ambisonics [2]. The encoding procedure yields a repre-
sentation of a sound scene which is independent from the
loudspeaker geometry and allows for the storage and trans-
mission of the sound scene. The decoding procedure yields
the loudspeaker driving signals for an encoded scene for
a given loudspeaker distribution. Note that both model-
based and data-based sound scenes can be encoded.

A wave field to be reproduced can be spatially encoded
when it is known on a sphere with radius rref and when the
number of its expansion coefficients is limited:

P (r = rref, α, β, ω) =
N

n=0

n

m=−n
P̊m
n (rref, ω)Y m

n (α, β). (35)

P (x, ω) has to be free of sound sources for r < rref. The
correspondences of the coefficients P̊m

n (rref, ω) in the time
domain are termed Ambisonics signals and can be stored
and transmitted [32]. Note that P̊m

n (rref, ω) is also referred
to as spherical wave spectrum [10].

It is not advisable to store the coefficients P̆m
n (ω) (con-

fer to (5)), since they diverge at low frequencies for all
expansion orders n = 0 [29]. When the reference radius
rref is considered in the decoding process as

D(α, β, ω) = (36)

1
2πr0

N

n=0

n

m=−n

2n + 1
4π

P̊m
n (rref, ω)

Ğ0
n (ω)j(krref)

Y m
n (α, β)

exemplarily with a spherical array, the reproduction can be
properly accomplished.

In certain situations, the involved wave field expansions
have limited validity. When G̊0

n (rG, ω) is valid on the sur-
face of a sphere with radius rG, P̊m

n (rref, ω) has to be ex-
trapolated to P̊m

n (rG, ω) as [10]

P̊m
n (rG, ω) =

jn
ω
c rG

jn
ω
c rref

P̊m
n (rref, ω). (37)

The reproduced wave field is then per se only accurate in-
side the sphere respectively the disc with a radius equal to
the smaller of rref and rG. Note that the zeros arising in the
denominator in (37) limit its applicability [10].

Inside this sphere, the encoded wave field may not con-
tain sound sources. The extrapolation in forward direction,
i.e. when rG respectively r0 are smaller than rref, does not
pose further theoretical restrictions. When rG resp. r0 is
larger than rref, the description of the captured wave field
has to be extrapolated in backward direction to r0 resp. rG.
This does not pose theoretical restrictions either as long
as the encoded wave field does not contain sound sources
(direct ones or indirect ones like reflecting bodies) inside
the sphere with radius r0 resp. rG. If it does so, the same is-
sues arise as with the reproduction of virtual sound sources
inside the secondary source array described in section 6.1.

6.4. Plane waves as secondary source wave fields

A special type of driving function arises when the loud-
speakers are arranged on a circle and are assumed to be far
enough away from the center of the array, that their sound
fields can be modeled as plane waves there. If a virtual
plane wave is intended to be reproduced, then the driving
functions are simple amplitude weights. In that case, no
delaying or spectral filtering of the audio signals is nec-
essary. This procedure is the basic Ambisonics approach
proposed by Gerzon e.g. in [33].

Note however that the reproduced wave field strongly
departs from the desired plane wave when the receiver
moves away from the center of the array. Even there, the
wave field exhibits a considerable curvature for typical
radii of loudspeaker arrangements of a few meters. The
reproduced wave field appears to originate from a point
source situated on the contour of the loudspeaker array
[29]. Especially for systems employing a large number of
loudspeakers and driving functions that include high ex-
pansion orders, the vast part of the energy of the driving
function is concentrated in the vicinity of the resulting vir-
tual point-like source.

Confer to Figure 6. It depicts the wave field P (x, ω) re-
produced by the loudspeaker system from Figure 3 driven
by the appropriate amplitude panning driving functions,
i.e. weights.

The extension of the traditional Ambisonics approach
which models the loudspeakers’ sound fields as finite dis-
tance sources has been termed near-field compensated
Ambisonics [29]. Here, the term near-field describes the
sound field of any source which is closer to the point of
observation than infinity.

7. Conclusions

In this paper, a comprehensive treatment of sound field re-
production using circular and spherical loudspeaker distri-
butions was presented. The formulation of the approach
assumes a continuous distribution of secondary sources
on which sampling is performed to yield the actual loud-
speaker driving signals for a given loudspeaker setup.
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Figure 6. {P (x, ω)} of a circular distribution with radius r0 =
1.5 m of 56 secondary monopole point sources reproducing the
virtual plane wave from Figure 2 but using the amplitude pan-
ning driving function. The marks indicate the secondary source
positions.

This strategy enables an analytical derivation of the loud-
speaker driving signals and thus also of the reproduced
wave field which facilitates the investigation of the prop-
erties of the latter. In the case of a volume enclosed by
the secondary source distribution, the formulation lead di-
rectly to the simple source approach, thus providing the
physical justification for the presented approach to recre-
ate arbitrary source-free wave fields. Circular secondary
source arrangements impose artifacts on the reproduced
wave field, notably an incorrect amplitude decay and sub-
tle spectral alterations. The reproduced wave field is then
only correct in the center of the loudspeaker array.

We presented a detailed treatment of both application
alternatives, i.e. model-based and data-based reproduction
(the reproduction of virtual respectively captured sound
scenes). In the case of the virtual scenes, strategies to han-
dle arbitrary virtual source types, notably point sources,
plane sources, and complex (i.e. directional and spatially
extended) sources were presented. In the case of the repro-
duction of captured sound scenes, a introduction to record-
ing approaches was given as well as a description of the
procedure of processing a recording in order to adapt it to
a given loudspeaker setup.

Contrary to most common approaches, the reproduction
is not limited to the employment of secondary monopole
sources.

The entirely analytical property of the presented ap-
proach facilitates the investigation of the consequences of
an insufficient loudspeaker layout which occurs in real
world implementations (e.g. spatial sampling). Further-
more, costly numerical algorithms (as e.g. in [3, 7, 5, 6, 8])
are avoided. Although not proven so far, the present ap-
proach can be assumed to be significantly beneficial in
terms of the involved computational complexity. Firstly,
the procedure to find the driving functions can be assumed
to be more efficient in the analytical approach presented

here. And secondly, in model-based reproduction a pure
delay can be extracted from the secondary source driving
function [34]. This is not the case in numerical methods
resulting in significantly longer filters.

Finally, there are no stability issues for incomplete loud-
speaker setups as in the traditional approach.
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