COMMUNICATIONS ON PURE AND APPLIED MATHEMATICS, VOL xx, 103-138 (1967)

Uniform Asymptotic Expansion of the
Field Scattered by a Convex Object
at High Frequencies*

DONALD LUDWIG

1. Introduction

The problem of scattering is concerned with the determination of a function
u (x, k), which Is a solution of the reduced wave equation

(1.1) Au+ k=0,

in the exterior of a closed surface §'in three dimensions. An incident field u,;{x, k)
is prescribed, which satisfies (1.1), and #, is required to satisfy

(1.2) ux, k) + u(x, k) =0forxon§.

The function u, is also required to satisfy a radiation condition:

(1.3) lim || (—a— U, — ikus) =0,
o \0 ]

We assume that § has Gauss curvature bounded away from zero (or §is a convex
cylinder) and § is analytic. For each positive integer n we give a series in
descending powers of £ which satisfies the conditions of the problem in an asymp-
totic sense, i.e., ™ 4 u{™ (consisting of n terms of the series) satisfies the
differential equation and boundary condition to arbitrarily high order in k=1 if n
is chosen large enough. In the region of deep shadow on § (described below),
u™ 4 4™ is bounded by k~2"~1/3 exp {—kV34}, where A4 is positive and pro-
portional to the distance from the shadow boundary.

The asymptotic solution has a complicated form, analogous to an integral
representation of the field scattered by a circular cylinder. The various regions
involved if §is a convex cylinder are shown in Figure 1.1. In cross-section, two
incident rays graze the object S, and their continuations form the shadow
boundary, which separates the region of direct illumination (where the reflected
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field is also present) from the region of shadow. The penumbra is a neighborhood
of the shadow boundary (shown in exaggerated form in Figure 1.1) formed by
two reflected rays and two rays tangent to S in the shadow region. There is an
analogous diagram for a general convex body. In the deeply illuminated region,
the solution can be simplified, and we obtain the reflected field predicted by
geometrical optics. In fact, this construction leads to a proof of the validity of
geometrical optics in this region, since the errors which are made in satisfying

Deep Illumination

Reflected Rays

Incident
Rays

Reflected Rays
Deep Illumination

Figure 1.1

the differential equation and boundary condition are smaller than any assigned
power of k1. Such a proof will be given elsewhere. In the deep shadow the
solution can be simplified to yield the field predicted by J. B. Keller’s geometrical
theory of diffraction, [7], [8]. Our procedure does not yield a proof of the
geometrical theory of diffraction, since the error in satisfying the boundary
condition in the illuminated region is greater than the total field in the shadow.
However, this approach does lead to an integral equation (not given here) for the
true solution, which might lead to a rigorous theory of diffraction. In the pen-
umbra, which separates the illuminated and shaded regions, we do not simplify
the solution, although one might attempt to do so by imitating the treatment of
H. M. Nussenzveig [15] for the sphere.

Our method can be generalized to apply to a general impedance boundary
condition on S, and to general differential equations with appropriate boundary
conditions, e.g., Maxwell’s equations in an inhomogeneous, anisotropic medium.
Such generalizations will be described in a sequel to this article.
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The results of V. I. Fok [5], with modifications described by N. A. Logan and
T. S. Yee [12] and the more recent results of E. Zauderer [17] differ from the
present results, since they are valid in regions whose size depends upon £.1 As
k — oo, the region in which Fok’s expression is valid shrinks to a single curve,
namely the curve of grazing incidence where the shadow boundary begins. As
k — o0, except in special cases, the region in which Zauderer’s results are valid
shrinks to include only the shaded half of S, together with a portion of the deep
shadow region. Although the solutions of Fok and Zauderer can be matched
with the direct and reflected waves near the illuminated region, and with the
diffracted field near the shaded region, evidently the differential equation is not
satisfied in the transition regions. This fact causes difficulty in the attempts of
V. S. Buslaev [2] and V. M. Babich [1] to establish the validity of geometrical
optics in the illuminated region by using the theory of Fok. There are analogous
difficulties in the work of R. Grimshaw [6], who primarily treats the illuminated
region. Our methods and results, where they apply to the deep shadow, have
much in common with the work of R. M. Lewis, N. Bleistein and D. Ludwig [11]
on diffracted waves.

The procedure is based upon a geometrical interpretation of the exact solution
for the case of a circular cylinder, which is presented in Appendix A. Ifr and 0
are polar coordinates, and the incident field u, is a plane wave coming from the
left, then, for 0 < 6 < r, u; can be represented in the form

— 00

(1.4) u,(rcos B, rsin ) = kf FHEER=O T (kr) df

where J is the Bessel function. If a is the radius of the cylinder, we have

) . 0 T 4{ka)
(1.5) u,(rcos 0, rsin 6) = ——/cfﬁme”c‘“”/2 NHY (kr) Hzg’(ka)

a8,

where HW is the Hankel function of the first kind. The functions ¢*#7/2=0), (kr)
and (PO H) (kr) are solutions of the reduced wave equation which are,
respectively, everywhere regular, and outgoing. The behavior of these func-
tions for large £ is given in terms of a family of rays which are tangent to a circle
of radius f. Thus in the case of a general convex surface S, we are motivated to
represent the incident field in the form

1.6 ulx, k) =k ale"’“’(’”’“)J x, a; k) du
( J ‘L< bl ) ( > ] ) 3
X0
and the scattered field in the form
* J(a'k)
. 5 ik0{z,a) FEAN >
(1.7 ufx, k) = _k.L, TR ) (o k) ——————-—1:1(1)@(; 7 do .

Y Note added in proofs: An interesting discussion of the question is given in W. P, Brown [18].
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Here ¢®@) J(x «; k) and @@ W (x «; k) are formal asymptotic solutions of
the reduced wave equation which are, respectively, everywhere regular, and
outgoing. The behavior of these functions for large £ is given in terms of a family
of rays which are tangent to certain surfaces S, defined in Appendix B. We have
Sy = S, and thus o corresponds to § — a in the case of the circular cylinder.
Such solutions of the reduced wave equation have been given in the author’s
paper [13] (see also Yu. A. Kravtsov [9], [10]). Our representations of u; and u,
are superior to the more usual representation as a superposition of plane waves,
since the rays associated with §, near § are nearly the same as the reflected and
diffracted rays near the shadow boundary. The neighborhood of the shadow

Direction of Vs

Figure 1.2

boundary is the most crucial region, since geometrical optics and the geometrical
theory of diffraction both fail there. As a consequence of the close fitting of the
rays, the amplitudes involved in the superposition are regular near « = 0 (which
corresponds to the shadow boundary). The amplitudes associated with J{x, «; k)
and H™W(x, a; k), the functions J(a, k) and HY(«, k), and to a certain extent
the surfaces S,, are determined by requiring that u, be given by (1.6) and u, + u,
vanish on .

According to [13], the functions 6(x, o) and J(x, «; k) which appear in (1.6)
are determined as follows: we let s denote a solution of the surface eikonal
equation on S, , i.e.,

(1.8) (Vo2 =1, Vs tangent to S, .

Through each point x; on S, , we draw the straight line which has the direction
of Vs(xy). If x is in the exterior of S, , then in general two such tangents pass
through x (see Figure 1.2). The distances from x to the points of tangency are
denoted by ¢, , and the values of s at the points of tangency are denoted by s, .

We define
(L9) FEx o) = 5. £ 1y .
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It follows that

(1.10) (Vé£)? = 1 in the exterior of S, ,
(L.11) ¢t =35 on §,.

Now we define 6(x, «) and p(x, &) by means of

(1.12) 0(x, 0) = 4($*(x, «) + ¢7(x, 0)),
(1.13) plx, o) = [}($*(x, @) — ¢ (x, 2))]¥°.

It is shown in [13] that 6(x, «} and p(x, ) are regular functions of x; in fact,
B(x, a) and p{x, &) can be determined in the interior of §, by analytic continuation,
We note that there is some arbitrariness in the construction, since the values of s
can be prescribed on some curve lying on §, .

Now J(x, a; k) is defined by

o«

] .
(1L14) Jlr, k) = o= f _exp {ik(p(x, )& — FEN[E(, o3 B) + Eh(x, o K] .

Here ¢ and % are formal series in inverse powers of k; the differential equation
(1.1) implies that ¢ and / satisfy certain transport equations, analogous to the
transport equations of geometrical optics (see Appendix B). The series § and k
are completely determined if £ is specified on §, (see [13]). Where p > 0 (in
the exterior of §,), we obtain an asymptotic expansion of (1.14) by the method of
stationary phase (see A. Erdélyi [3]). We have

(1.15) eika(a:,a)J(x, o k) ~eik¢+(z,a)£+(x, «; k) + e"‘""(”’“’z_(x, o« k) ,

where 2, and Z_ are series in descending powers of k. The expansion (1.15) is the
analogue of the Debye expansion of the Bessel function,

In Section 2 we shall ensure that (1.6) is satisfied to arbitrarily high order in
k1 by stationary phase evaluation of a corresponding double integral. The
resulting conditions determine 6(x, ) (i.e., s) and #(x, «) on a curve C, on S,
where the incident rays are tangent to S, .

In Section 3 we attempt a representation of u(x, k) in the form (1.7). The
function H®(x, «; k) (the analogue of the Hankel function) is defined by

(1.16) HW(x, 05k) = —717 L exp {ik(p(x, «)E— $£°)}[2(x, %5 K) + Eh(x, a; )] d€,

where the integration is taken over the contour L shown in Figure 1.3. The
functions p(x, o) and 6(x, «) are given by (1.12), (1.13), and the requirement that
R @A W (x5 k) be a solution of (1.1) implies certain transport equations for
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gand #; gand 4 are completely determined if g is specified on §, . Furthermore,
the contour L has been chosen in such a way that by applying the method of
steepest descent (see [3]) for p > 0 and & large we obtain

(1.17) EMHW (x, o5 k) ~ 26097 @0 7 (o s k) .

The amplitude z_ is specified in (3.17), (3.18). From the definition (1.9) of ¢,
we see that ¢+ ~ || for |« large. It follows that 4, satisfies the radiation condition
(1.3). The details of the behavior of «, at infinity are not crucial to our present
purpose. They will be given elsewhere. The functions J(«, k) and HV(a, k) are
defined in a manner analogous to (1.14) and (1.16):

. 1 [
(1.18) e, k) = 5- f_wGXp {tk(p(a)§ — 38%)} d8,

(1.19) HM(q, k) = ;IT Lexp {k(p(a)é — 3£} dE.

In fact, J and A are expressible in terms of the Airy function (see [3]). In
Section 3 the function () will be determined, and g(x, «) will be specified on a
certain curve R, on S, , by requiring that the boundary condition (1.2) be satisfied
on the illuminated side of S. At the same time, the calculation will show that, in
the illuminated region, #, behaves like the reflected wave predicted by geometrical
optics.

Up to this point, we have required only that the family of surfaces S, be
nested, convex and analytic, and the amplitudes g and ¢ have each been specified
on a single curve. If we require in addition that g(x, «; k) = 4(x, a; k) and
h(x, a3 k) = h(x, a3 k) if x is in the shadow of S, then u, 4 u, vanishes in the
shadow to the approximation of geometrical optics, and w,(x) + #,(x) can be
written as a sum of residues. The residues correspond to values of « of the order
of £7¥3; thus the requirement that the residues shall vanish on § imposes conditions
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on the integrands of (1.6} and (1.7) for « near zero. In particular, the surfaces S,
are determined asymptotically for o near zero, and the amplitudes g(x, «; &) and
h(x, %3 k) must satisfy surface transport equations on the shaded side of S, for «
near 0. Finally, each term of the residue sum can be interpreted as a creeping or
diffracted wave, and our results agree with J. B. Keller’s geometrical theory of
diffraction, [8]. The details of the preceding discussion, given in Section 4,
are analogous to the treatment of creeping waves in {11]. However, in the present
work the creeping waves appear together with the appropriate diffraction coeffi-
cients, with no need for additional assumptions.

Sections 2, 3 and 4 are devoted primarily to listing conditions on the com-
ponents of our “Ansatz” (1.6) and (1.7), and deriving their consequences. Section
5, with the associated Appendix B, provides a construction of the functions
which appear in (1.6) and (1.7), and a justification of certain formal procedures
used earlier. The treatment of Sections 2-5 thus yields a formal asymptotic
series which satisfies the differential equation (1.1), and which satisfies the
boundary condition (1.2} in the deeply illuminated region and the deep shadow.
The verification that {1.2) is also satisfied in the penumbra is given in Section 6,
using the results of Appendix C and of the author’s paper [14]. This latter part
of the analysis has no analogue in the treatment of the circular cylinder in Appendix
A, since the boundary condition is satisfied exactly in that case. Certain of our
methods in Section 6 are related to boundary layer techniques, but the various
regions are introduced after the solution has been constructed, so that there is no
question of matching of solutions.

The author is indebted to J. B. Keller for drawing his attention to the problem
of diffraction and generously making available his knowledge of the subject.
The author is also indebted to R. M. Lewis, N. Bleistein and J. Moser for a number
of fruitful discussions of the problem, and to J. Cohen for reviewing the manuscript.

2. Representation of the Incident Field

As outlined in the introduction, we attempt to represent the incident field
in the form (1.6), with

u,x, k) = ei”"’f(“’)zi(x, k),

where z,(x, £) is a formal series in integral powers of £71. We require (1.6) to be
valid in a neighborhood of the shadow boundary ¢ on §. The results are
summarized at the end of this section.

Using the definition (1.14) of J(x, «; k), we may rewrite (1.6) as a double
integral:

o (FOT 2 (: k) = Ek; ﬂexp {tk(0(x, o) + p(x, )& — 3&)}

X [8(x, a3 k) + Eh(x, o3 )] daw dE .
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This integral can be evaluated asymptotically for large & by two-dimensional
stationary phase; thus (1.6) is equivalent to

(2.2) eik‘b'(x)zi(x; k) = 2 eik‘;(m,&,é)%(x; k),
where
(2.3) Plx, «, &) = 0 + p& — 183,

and Zz(x, k) is a formal series in descending powers of k, involving derivatives of
$, £ and h at (x, & £). The summation in (2.2) is taken over all pairs (&, &),
depending upon x, which satisfy

(2.4) ai b(x, 84, &) = 0,(x, &) + Ep(x,2) =0,
oA
A . . .

(2.5) b(x, 6,8 = px,8) —E&2=0.

oF

In the present case, only one stationary point will appear. We shall show in
Section 5 that there is no contribution from the endpoints of the interval of
integration. We regard (2.2) as a condition on 6, p and Z to be satisfied at the
stationary point. This condition will hold if we set

(2.6) $i(x) = $lx, 8, &),
(2.7 z,(x; k) = z(x; k) .

Conditions (2.4)-(2.6) can be replaced by an equivalent set of conditions
involving ¢=(x, ). From (2.6), (2.5) and (1.12), (1.13) we have

(2.8) ¢z(x) = $(x’ &, é) = ¢i(x: &),

and (2.4) becomes
0

(2.9) = ¢, &) = 0.

By differentiating (2.8) and applying (2.9), we obtain
(2.10) Vebi(x) = V(x, 3) .

Thus Vé(x, &) must be constant along incident rays. On the other hand, for
fixed x, V¢ is constant along rays which are tangent to C,. We conclude that
if (2.4)—(2.6) or (2.8), (2.9) are to be satisfied, the incident ray through x must be
tangent to the surface S; . This condition determines & as a function of x.
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In order to ensure that (2.8) is satisfied, we define C, as the locus of points on
S, where the incident ray direction V¢, is tangent to S,. On C, we specify (see
(1.8)-(1.12))

2.11) s = 00r, 3) = $i(x)
and we choose the direction of Vs so that

(2.12) Vs = VO{x, o) = Ve,(x) on C,.
These relations, together with (1.8), specify s completely on S, , and ultimately
determine 6(x, «) and p(x, o) everywhere.

We first note that, with this choice of §(x, a), (2.8)—(2.9) are satisfied on C, ,
with & = «. In fact, setting & = «, we have ¢T(x, a) = ¢ (x, a) = 6(x, @)
(see (1.11), (1.12)) and hence (2.8) is satisfied if x is on C, . We let y(a) be a point
on (, and we differentiate (2.8) with respect to a:

4 d
@13) Ve, @) + $E () @) = - V()

In view of (2.12), {2.13) implies (2.9) on C, .

Now it remains to be shown that (2.8) is satisfied everywhere (in a neighborhood
of §) ifit is satisfied on C, . By differentiating (1.10) with respect to «, we see that
¢= is constant along the rays associated with ¢+. Since (2.9) holds for x on C,,
(2.9) also holds at (x, &(x)). Since (2.8) and (2.10) are satisfied at C; and both ¢*
and ¢%(x, &) satisfy the eikonal equation (1.10), (2.8) is satisfied at (x, &(x)).

We observe that the incident phase is equal to ¢~(x, &) if x is on the portion
of the incident ray which has not yet reached §; , and the incident phase is equal
to ¢t(x, &) if x is on the portion of the incident ray which has left S, .

In order to determine z(x, k) (mentioned in (2.2) and (2.7)), we first verify
that the integral in (2.1) has a simple stationary point at &, &, i.e.,

Aﬂd Ad 6¢ + pﬂaé p

(2.14) A=qf qf5= ) “1x0
s P P ~2

On C,, we have & = «, £ = 0, and thus

(2.13) A= —(p,(x,a))?ifxison C,.

Since the surfaces S, are nested, we have p, 3 0 (see also Appendix B), and thus
A # 0 on C,. A study of the geometry of the rays would show that, in fact,
A # 0 everywhere,
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In order to see that g(x, a; k) is determined on C, by (2.7), we need some
additional details about § and 2: we write

(2.16) Slx, a5 k) = Z(:)g’,-(x, o) (k) ,
i=
(2.17) h(x, as k) = 3 hy(x, &) (k) .
=0
Then z(x, k) will have the form
0
(2.18) k) = 3 2,(x) (),
i=0
where
R £;(x, &) + Ehy(x, &)
2.19 5(x) = re +f
(2.19) (%) VA i
f; involves g, <+, &1, hy, "+, h;_y and their derivatives. Thus by equating

coefficients of corresponding powers of k£ in (2.7), we obtain a system of equations
which can be solved recursively. In particular, on C, we have £ =0, & = «,
and §g(x, o; k) is determined from (2.7). In view of the transport equations
satisfied by z; and |A[~V2(g 4 £h), we conclude that (2.7) is satisfied everywhere.
In summary, we see that (1.6) can be satisfied to arbitrary order in (=1 if
O(x, 2) = s and g(x, a; k) are appropriately specified on C, (see (2.11), (2.12),
(2.7) and (2.16)—(2.19)). C, is defined as the locus on S, where the incident rays
are tangent to S, . We remark that the representation (1.6) is a generalization of
the Kantorovich-Lebedev transform of the incident field (see A. Erdélyi et al. [4]).

3. The Boundary Condition on the Illuminated Side of §

As described in the introduction, we represent the scattered field in the form
(1.7); the integrand in (1.7) is described in (1.16)—(1.19). We shall determine
p(«) (which appears in the definitions of J () and ¥ (x)) by applying the method
of stationary phase to the integral (1.7), and matching the incident phase and
the phase of #; on the illuminated side of §. The amplitude of H™(x, «; k) is
specified at the stationary point (and hence on a certain curve R, on §) by matching
the amplitudes of u; and u,. It is easy to verify that our procedure yields the
reflected wave in the deeply illuminated region, and that the boundary condition
(1.2) is satisfied in this region.

We first restrict the integration in (1.7) to an interval where & < 0. In this
case p(x, o) > 0 if x is outside S, and H (x, «; k) may be replaced by its asymp-
totic expansion (1.17). We also assume that j(«) > 0, and thus J(a, k) and
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H® (4, k) may be replaced by their asymptotic expansions:

(3.1) J (o, k) ~ ™Dz (s k) 4 e*v 02 (4 k),
(3.2) HD (o, k) ~ 26503 (o k) .

Here

(3.3) yE(a) = £3(p(a))*2,

and z, are given in terms of j(«) (see (3.18), (3.19)). In Appendix B we shall
verify that g{a) > 0if o < 0; the interval of integration where « is near zero or

Figure 3.1

a > O will be treated in Section 6. It is shown in Section 5 that there is no
contribution from the endpoint « = «y. Inserting (3.1)-(3.3) into (1.7), we
obtain

ug(x, k) ~ —kfeik¢+(’”’“)z+(x, o; k) da

(3.4) 5 (o, B

do .
EAT

The first integral will have stationary points only where ¢i(x, «) = 0. The

discussion of the previous section shows that ¢7 (x, «) = 0 only if the ray through

x is tangent to S, (at C,), and x is on the outgoing half of the ray (since ¢+

corresponds to an outgoing wave). Since a < 0, §, is inside S, and we conclude

that ¢_(x, «) = 0 only if x is in the shadow of § (see Figure 3.1). Hence the

first integral is smaller than any power of £~ in the deeply illuminated region.
Stationary phase evaluation of the second integral yields

(3.5) y(x, k) ~ —e* @Dz (x By

(3.6) Blx, @) = $t(x, @) + y(@) — yH(x) ;



114 DONALD LUDWIG

the amplitude z,(x, £) will be discussed later (see (3.17)—(3.22)). The value of
« at the stationary point (denoted by &(x)) is determined from the condition of
stationary phase:

(3.7) Pulx, &) = ¢5(x, &) + v;(8) — y(®) =0.

The boundary condition (1.2) states that u; + u, shall vanish on §: thus we
must have .

(3.8) é,(x) = §(x, &) if xison T, .

Here I'; denotes the illuminated side of S. Differentiating (3.8) in a tangential
direction and using (3.7}, we see that we must have

(3.9) Vé; dr = V@(x, &) -dx if xel;, dx tangent to I, .

Equation (3.9), together with the conditions that (V#)2 = I, and the direction
of V¢ is outgoing, determines V¢ uniquely: Vg has the direction of the reflected
ray at x on I'; . Now we determine &(x) if x is on I'; by requiring that the reflected
ray at x, continued inside §, be tangent to §;, i.e., &(x) is the minimum of the
indices of the surfaces S, which are intersected by the reflected ray through x.
Since the surfaces §, are convex, & is a smooth function of x.

To determine § (as a function of x) on I'; we use (3.3), (3.6) and (3.8):

(3.10) 3P = ¢t (x, &) — i),
or equivalently,
(3.11) Y (&) — y (@) = ¢F(x 2) — di(x) .

Before making this definition of , we should verify that ¢+(x, &) — ¢,(x) > 0 on
I',. However, we omit the verification, since it is a consequence of the more
elaborate discussion of Appendix C. In order to show that g, defined by (3.10),
is actually a function of &, we differentiate (3.10) in a direction tangential to I'; :

(3.12) V5 dp = Vt(x, &) - dv — V,(x) - dv + & (x, &) d .

In view of (3.9), § is constant if & is constant, i.e., § can be determined as a
function of & alone. We define g(«) for o > 0 by analytic continuation.
In order to verify (3.7), we differentiate (3.11) in a tangential direction and

apply (3.9):
(3.13) vE(3) déi — vy (3) di = $E(x, &) da.

Thus (3.7) is satisfied if d& # 0, which is shown in Appendix C, (C.17). In order
to compute ¢,,(x, &), we differentiate (3.7) in a tangential direction:

(3.14) Vi (x, &) - dx 4+ ax, &) d& = 0.
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Hence §,,(x, &) # 0 if V47 is not normal to I';, which is shown in Appendix C,
(C.15)

In order to determine the amplitude z (x, &), we examine the coefficients in
(3.5) more closely. The amplitudes associated with HYV(x, o; k) (see (1.16))
have the form

(3.15) ﬂ%w@=§&@@%ﬂ,
(3.16) h(x, o k) = E hy(x, @) (k)7 .

Consequently, the amplitude in the asymptotic expansion (1.17) of ¢*H W) (%, «; k)
has the form

(3.17) 2u(, 03 K) = 3 22,05, ) )7
o
where
2w gi(x, o) + \/p (%, o)
(3.18) z, (%, 0) = [— ¢t + /i
+3 k 'é/p(x, fl) i

here f; involves g, , k; and their derivatives for [ < j. Similarly, the amplitudes in
the asymptotic expansions (3.1) and (3.2) of J(«, k) and AW (a, k) have the form

(3.19) (o, k) = z z, (o) (ik)~
where
2 _. 1
(3.20) 2= 2T Finls .
CUNE S V)

Inserting (3.17)-(3.20) into (3.4) and applying the method of stationary
phase, we obtain

(3.21) 2,06 ) = 3 2,()(iK)7 ,

g,Ms

where
1 &% &) + v/ p(x, &) hy(x, &)

L UTVEES Yk

+F,.

Here F, involves g, , 4, and their derivatives for [ < j. Since §(x, &) = ¢,(x) for
x on FL s u(x, k) + o (x k) will vanish on I, if we set

(3.23) z,(x, k) = z,(x, k) for x on T;.

In view of (3.21), (3.22), the amplitudes g,(x, &) + \/p(x, &) h;(x, &) can be
determined recursxvcly from (3.23).



116 DONALD LUDWIG

Finally, we consider points x in the deeply illuminated region, which are not
necessarily on I';. From (3.7), it follows that & is constant where ¢} (x, &) is
constant; on the other hand, by differentiating (1.10) with respect to «, we see
that ¢7 is constant along the reflected rays. Since @(x, &) = ¢,(x) if x is on T}
(see (3.8)), we conclude that §(x, &) is the reflected phase. In a similar fashion,
it follows that —z,(x, k) is the amplitude associated with the reflected wave.

4. The Boundary Condition on the Shaded Side of §

As outlined in the introduction, we shall rewrite the total field ,(x, k) + u,(x, k)
as a sum of residues when x is in the deep shadow. We require that the residues
vanish when x is on I';, the shaded side of . This requirement determines the
behavior of p(x, «) for x on .S and « near zero (ultimately it determines the surface
S, for o near zero); the amplitudes of HW(x, «; &) and J(x, «; k) are also deter-
mined for « near zero. In the next section and Appendix B we shall construct
glx, as k), h(x, o5 k), 8(x, «; k) and h(x, a; k), and we shall justify the trans-
formation of the integral into a sum of residues. The results are summarized at
the end of this section. '

Motivated by the procedure in the case of the circular cylinder (outlined in
Appendix A), we write the sum u, + #, as a single integral:

x

4.1y u,(x, k) + ulx, k) = kf

%o

) k
ezke(x,a)[J(x’ o k) . H(”(x, «; k) (O(, ) } da .

J
HY(q, k)
The next step requires the identity
(4.2) J(x, o5 k) = FHY (x, a3 k) + H®(x, a; k)],

where
1
(+.3) H®(x,054) =~ Lexp (ikIp(x, 0)& — AT} elx, o3 k) + Eh(x, a3 )] dé .

The contour L is shown in Figure 1.3. There is a similar definition of A («, k).
In view of the definitions of J and HW, the validity of (4.2) requires only that

(44) g(x, a3 k) = &(x, o5 k) ,
(4.5) h(x, a3 k) = h(x, a3 k),
i.e., that the amplitudes of J(x, x; k) and HW(x, ; k) agree. For our present
purposes, it suffices that (4.4), (4.5) (and hence (4.2)) hold if x is in the shadow

of §. In view of the definitions of J(«, £) and H Y (a, k), we also have

(4.6) I (o, k) = J[HD (o, k) + H (2, £)] .
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Substituting (4.2) and (4.6) into (4.1), we obtain

(51
eilce(x,a)

k
(7]l k) +uoh) =3 f

29

O, o k) — HO(x, o ’if’l“_"l}
X I:H (%, 0 k) — HY (x, 005 k) A0 k) do .

We remark that an evaluation of the integral (4.1) by stationary phase would
show that in the shadow the term which is removed from u; and «, is equal to the
incident field (to the approximation of geometrical optics). Thus the incident
and scattered fields cancel in the shadow to the approximation of geometrical
optics. Indeed, an evaluation of (4.7) by the method of stationary phase would
show that there are no real stationary points, i.e., the integral is smaller than any
power of k1. There are no endpoint contributions because of the way in which
the integrands are defined in Section 5.

We observe that the integrand in (4.7) has poles at the zeros of HW(a, k),
which lie in the upper half-plane. We deform the path of integration of (4.7)
into the upper half-plane and obtain a sum of residues at these poles. The
justification of this step will be given in Section 5. Thus we obtain

M

(4.8) w6, K) + 6 B) ~ S uy(n, B,
=0
where
) H® o, k
(4.9) w,(x, k) = imke™ @O (x o ; k) TN ,
— ﬁ(l)(al , k)
Oa

and «, are functions of £ which satisfy

(4.10) AW(g, k) =0.

According to the definition (1.19) of H@(a, k), we have
(4.11) AV (a, k) = 236784 —k2/327135(4))

where A is the Airy function (see [3]). To lowest order in £71, (4.10), (4.11)
imply that

(4.12) ploy) = —k232milsg,

where ¢, is a zero of the Airy function. It is known (see [3]) that these roots are
all real and negative. We recall that p{a) is given by (3.10). Since &(x) =0
and x on § implies that x is on C (the shadow boundary), and since ¢*(x, 0) =
¢~ (x,0) = $,(x) if x is on C (see (1.9) and (2.11)), we conclude from (3.10)
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that
(4.13) p0)y=0.
Thus from (4.12) and (4.13), to a first approximation, we have
e—?.m'/3ql
(414) oy ~ —k—2/3~— N
l Pa(0)
i.e., o; has order k22,
In order to impose the boundary condition that #, shall vanish for x on I,

(the shaded side of ), we rewrite (4.9), expressing AV (x, a; k) in terms of the
Airy function:

7(2)
u,(x, k) = k2/357i8 H <“l 4 k) R0z,

— A (a, , k)
(4.15) Oa

X [A(—k¥32B8p(x, 0)))g(x, oy 3 k) + th~V3A (—k¥32 B p (5, )V (x, ot 5 k)] -
Consequently, #; will vanish to highest order in & for x on I, if we require that
(4.16) A(—k327Bp(x, o)) = 0 for x on T, .
Comparing (4.11), (4.12) and (4.16), we must have at least to first order
(4.17) plx, o)) ~ p(e,;) forxon ', .
In Appendix B, we construct S, for « near 0 in such a way that (see (C.1))
(4.18) plx, o) — fa) = O{a®) for x on .

Moreover (see (B.3))

(4.19) pulx, 0) = —1
hence
(4.20) 5.(0) = —1.

Combining (4.14) and (4.18), we obtain

(4.21) plx, o) — play) = O(k=2"/3) for x on .

It follows from (4.12) and (4.21) that

(4.22) A(—k23e27Bp(x, 0,) = Ok~ 2"D3) if xison T,

and thus the first term in the brackets in (4.15) vanishes to order F=2(n—1/78,
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In order to make the second term in (4.13) vanish to a high order in &1, we
shall require in Appendix B that

(4.23) hix, k) = O(x® ) for xon §,
which implies that
(4.24) h(x, 0, 3 k) = O(k~2"D3) forxon .

We note that our procedure up to this point differs slightly from the construction
in [11], since there ¢ and % are permitted to involve integral powers of k=173
while we use only integral powers of £71. On the other hand, p(x, «,) involves
a sum of powers of £~%3, while the corresponding function in [11] involves only
two terms. In Appendix B we construct g{x, «; k) and A{x, a; k) in such a way
that (4.23) is satisfied. The construction involves the solution of ordinary differ-
ential equations along 1", , for example:

(4.25) 2V0(x, 0) - Vgo(x, 0) + AB(x, 0)gy(x,0) = 0.

Further details and interpretations of these equations are given in [11]. Now
combining (4.15), (4.22) and (4.24), we see that

(4.26) H®(x, o, 3 k) = O(k~*»113) if x is on T, .

In order to evaluate 6(x, ), we note that, according to the construction of
S, plx, o) and O(x, ) (see (B.12)), we have

(4.27) 2V0(x, 0) - VO, (x,0) + (Vp(x, 0))2p,(x, 0) = 0 if xison S .

In view of the fact that 6(x, 0) = son § (see (1.11), (1.12)), VO{(x, 0) is tangent to
S. Thus, using (4.19), 6,(x,0) can be determined from (4.27) if (Vp(x, 0))% is
known. In the two dimensional case of a wave normally incident on a cylinder,
the result was given by J. B. Keller {7] (see also [13], equation (1.59)):

9 \3
(4.28) (Vp(x,0))2 = (—(—5) for xon S, S a cylinder ,
als
where a(s) is the radius of curvature of § at x. We conclude from (4.27) and
(4.28) that in the two dimensional case

1 s/ 2 \8
(4‘29) Ha(x, 0) = § J; (;E}'_)) ds’ s

where s denotes arc length at x, and s = s, at the shadow boundary. An expression
for (Vp(x,0))? in terms of the relative curvatures of the surface ray on § and the
tangential rays in space is given in [13], equation (2.64). An interpretation of
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this term and the corresponding expression for ,(x, 0) is given in [11]. TFor
present purposes, it is sufficient to observe that ,(x, 0) is positive in the deep
shadow. To first order, we have

(4.30) 6(x, a;) ~ 0(x, 0) + 2%,8,(x,0),
and thus
(4.31) |e?*ot@ar)| ~ exp {klw 2 ¢,6,(v,0)} .

Since ¢, is negative, @) is exponentially small in &' in the deep shadow.
Combining (4.15), (4.26) and (4.31), we have

(4.32)  luy(x, b)| ~ exp {kY3V/3 ¢,6,(x, 0)}O (k=213 for x on T,

If x is in the deep shadow and away from §, we may use the asymptotic
expansion (1.17) of HY(x, a; £); thus we obtain

Ao, , k)

(433) Ill(x, k) ~ ik eik¢+(x,al)z+(x, oy ’k) .

_a_;H(l)wl , k)

We have, to first order,
(4.34) é*(x, o) ~ ¢t (x,0) + o;7(x,0) .

In view of the definition (1.9) of ¢*(x, 0) and the fact that ¢} (x, «) is constant
along rays corresponding to ¢t(x, «), (4.34) becomes

(4.35) dt(x, o)) ~ s+ o,0,(x,0).

Here x is on a ray which is tangent to .S at x, , and s, = 0(x, , 0) == s{x,). The
result (4.33), (4.35) is identical with the diffracted wave predicted by J. B.
Keller’s geometrical theory of diffraction, [8]. Further details are given in [11].

In summary, we see that if the amplitudes J and H'Y agree in the deep
shadow, then u; + u, can be transformed into a sum of residues in the deep
shadow. Each such residue will vanish on § to a high order in &7 if p(x, «) and
h(x, o) satisfy (4.18) and (4.23). The latter equations are the basis for the con-
struction of S, , 6, p, g and % in Appendix B. A further consequence of the con-
struction of Appendix B is the identification of the terms of the residue sum with
the diffracted or creeping waves predicted by the geometrical theory of diffraction.

5. Specification of the Amplitudes of J and H'!

In this section we shall construct functions g, &, ¢ and £ which satisfy all of
the conditions imposed in Sections 2, 3 and 4. Thus the specification of the
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asymptotic solution (1.6}, (1.7} will be complete. Finally, we shall justify the
deformation of the contour of integration used in Section 4, by estimating
the integrand on the displaced contour.,

The following is a summary of the conditions which have been imposed on the
functions appearing in (1.6), (1.7). In Section 2, in order that (1.6) might
represent the incident field, we derived conditions which determine 0(x, «) and
pix, %) completely (once S, is knownj, but which specified ¢{x, «; &) only on the
curve (, on §, (see (2.11), (2.2} and (2.16)--(2.19)). Similarly, although p{«) was
determined completely in Section 3, the amplitude g(x, o; &) + \/p(x, x) h(x, a3 k)
was determined only where 2 = &(x), i.e., along a certain curve R, on .§ {see

Reflocted Ray

Incident Ray

Figure 5.1

(3.21)--(3.23)). 1In Section 4, we required that g(x, a; k) = g(x, a; k) and
hix, a; ki = hix, a; k) if ¥ is in the shadow of S. We later required that A(x, x; k)
vanish to order «”~1 on the shaded side of §, and that p(x, o) = —a + O(a") for
ron 8. The latter condition is used in Appendix B to construct S, .

Now in order to specify  and A, we stipulate that

(5.1 h(x, a; k) = O(a™Y) if rison S,

and we recall that §(x, a; k) is prescribed in C, by means of (2.11). The con-
struction of Appendix B specifies ¢ and 4 completely, using these two conditions.

In order to specify ¢ and £, we set « < 0 and we consider the curve @, on S,
where those outgoing rays (corresponding to ¢*(x, o)) which meet S at ¢ {the
shadow boundary) are tangent to S, (see Figure 5.1.) Since the values of g
and % on § to the right of C are determined by the values of g on S, to the right of
Q, fsee [13]), we will have g(x, 25 k) = g(x, a; k) and hlx, a5 k) = hix, oz k) if
x Is in the shadow by requiring that

(3.2) olx, ) = g(x, a) for x on §,, x to the right of @, .

On the other hand, g(x, «; k) + \//p(x, ) h(x, o3 k) is specified on the curve R,
on S, where &(x) = a. We note that R, is to the left of C, since reflection takes
place in the illuminated region. According to the transport equations satisfied by
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g and k, the values of g + \/; h on R, determine the values of g on T, , T, being
the curve on §, where the reflected rays at R, are tangent to S, . Since T, is to
the left of @, , there is no conflict with (5.2).

Now we define g(x, «; &) on S, to the left of §, by a smooth interpolation and
extrapolation of the values at T, and @, . If « is bounded away from zero, then
T, is bounded away from @, , and there is no question that this can be done.

In order to treat the case where « is near zero, it is shown in Appendix C that, at
R

o)

(5.3) g;(x, %) + Vp(x, &) h;(x, &) = &,(x, &) + Vp(x, &) h;(x, &) + O@E%) .

Figure 5.2

Here the subscript j denotes the coefficient of (ik)~7 in the expansion of ¢ or A.

Consequently, for x on T,

(5.4) gi(x &) — g;(x, o) = O(a" %) .

We conclude that for n > 2, ¢ can be defined on S, so that (5.4) is valid every-
where. In case a = 0, we set g(x, a; k) = g{x, «; k) on S, .

There is still a question about the interval of integration in the integrals
(1.6), (1.7). The size of this interval is limited by certain geometrical restrictions
which appear in the construction of S, and in requirements that A (given by
(2.14)), and $(x, &) (see (3.14)) be different from zero. There are numbers
%y < 0 and a; > 0 such that all of our constructions are possible if ¢y < o < «, .
Because we have taken no account of endpoint contributions in the asymptotic
expansions of (1.6), (1.7), the integrands must vanish together with all of their
derivatives at the ends of the interval. It is convenient for our purposes to multiply
each of the amplitudes g, %, § and 4 as defined above by a factor p(a), given by

(55)  pla) = exp {—BkY3(x — o)} exp {—BEV3(ay — )7},

where B is a positive number to be specified below., Thus our representations are
valid in a cylindrical shell, whose size is independent of k, which is swept out by
incident rays in a neighborhood of the shadow boundary, see Figure 5.2.

Now we shall justify the replacement of u;(x, k) + u,(x, k) by a sum of residues
where x is in the deep shadow. We deform the contour in (4.7) as shown in



ASYMPTOTIC EXPANSION OF THE SCATTERED FIELD 123

-
Ima=s K™ /38,
G . a5

Qy q4

m (A

Qo 0 a,

Figure 5.3

Figure 5.3, and estimate the integral on the deformed contour. Our final estimate
is that the integral is less than u, in (4.8) if the contour is displaced far enough
into the upper half-plane.

Near a = a,, we write & = o, + k~23ye’™ where y is real and positive.
Between «, and a; , we write o = § + k%38, , where § and B, are real, B; > 0.
From (5.3}, we have

— 1/3,,—1
|p(a)] ~ lexp {~BE15{a — o) 1}| = exp | e V)
(5.6) v2 |

for a between o, and o, .

Hence | p(«)| has its maximum at «, , and we have

B
(53.7) [p(e)] < exp j—k”s —~——} for o between oy and o, .
| 2B,
If x is in the deep shadow and #¢ « £ %¢ oy < 0, we may use the asymptotic
expansions of H®, H® W and H®:

ko H®(q, k)
éJ;o ¢ kO[H(m(x, o k) — H(l)(x, o k) mjl do

%3
- SRR
Nkf [ezkd: z — ekl ey )z+] da. ,
&g

where z_are given by (1.15) and y* are given by (3.3). We recall from Section 2
that ¢7 is constant along rays corresponding to ¢~(x, «). Thus if § is real,

(5.9) b, (%, B) = O.(x_(x B), B)

x_(x, B) is the point on §; where the ray passing through x (corresponding to ¢~)
is tangent to S;. Remembering that 6,(x, f) = 0 if x is on Cj, we see that
¢7(x, B) > By, > 0 if x_(x, f) is in the shadow of S, in particular if x is in the
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shadow of §. Hence we obtain
R [k (x, @)] ~ —KV3B,0,(5_(x, B), f) = —kVB,B,
(5.10)

if & is between o, and oy .
In a similar fashion, we can estimate ¢t + v — ¢} : if § = 0, we have
(5.11)  ¢5(% B) + ¥a(B) — vi(B) = bilx ) — 2p(x, OV plx, f) Z 61 (x, )

since p,(x, f) < 0. Hence

Re [ik(p*(x, o) + ¢7(a) — ()] £ —K2B10,(x,(x, f), B)

=< —KBB B, if o is between a, and g .

(5.12)

Thus if « is between &, and a, , the integrand in (5.8) has order exp {—/13B,B,}.
Actually, a similar estimate is valid even if #e¢ o is near zero, provided that oy is
not too close to a zero of HW(a, k). Since ¢ (x, f) > 0 and ¢%(x, 8) + v, (B) —
wH(B) > 0, (5.7) implies that the integrand in (5.8) has order exp {—kV3B[2B}
for « between o, and o, . Now B, and B are still at our disposal. We may choose
B, so large that exp {—kY/3BB,} is smaller than u, in (4.8). Then B is chosen so
that B/2B; = BB, .

In order to estimate the integrand for « between o, and «; , we revert to the
original expression (4.1) for u;, 4+ u, . For « between «, and «; , we have j(«) # 0.
Thus J and A" may be replaced by their asymptotic expansions, using the
asymptotic expansion of the Airy function (see (1.18), (1.19) and [3]):

(5.13) T (0, k) ~ exp {— k(= p()) ¥4I Z (2, ),
(5.14) A (o, k) ~ 2 exp (3h(—p(a))7)Z, (. F) -

The asymptotic expansion of HV(x, «; k) might not be valid, since p(x, o) might
be small, but we can use it as an estimate on HV(x, a; k):

(5.15) [HD (x, a5 k)| = By exp {3k [p(x, «)[*%) .

We conclude that for o between «, and «, ,

J(a, k)

. HY(x, a5 k) a2
(5.16) (%, a5 k) Ao B

< Byexp {k Re (3 1plx, )P — 3(—p(a))¥2) .

From Appendix C, we know that p{x, 2) — g(a) = O(a™) if x is on §, and hence
the estimate (5.16) is exponentially small if x is on S. Since —p(x, &) decreases
as x moves off S, the estimate is also valid if x is off §. In order to estimate the
integral of the first term in (4.1), we may rewrite it as a double integral as in
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Section 2. Since x is in the deep shadow, the stationary point of the integral
corresponds to a negative value of «. We may apply a steepest descent procedure
to the integral to obtain an exponentially small estimate.

Finally, for « between «, and «, , a more delicate analysis is necessary in order
to avoid the zeros of HW(a, k) (see [15], Section IV). It is necessary to choose B,
so that the contour passes midway between the zeros of H™(a, k); the factor
=2 provides an appropriate exponential decay, since x is in the deep shadow.

6. The Boundary Condition in the Penumbra

In this section we shall verify that the boundary condition is satisfied in a
neighborhood of the shadow boundary, i.e., that u;(x, k) + u/(x, k) = O(F/5—/3)
if x is on §. Since the solution was completely specified in the previous section,
we have no free parameters or undetermined functions at our disposal. On the
other hand, the analogy between the solution and the solution for the circular
cylinder is especially close in the region of integration where « is small, which is
crucial for the behavior of the solution in the penumbra. Our estimates are valid
for points in the deep illumination or deep shadow, but they are more crude
than those given in Sections 3 and 4. However, these estimates do show that there
is no contribution from the interval 0 < a < a4 or its endpoints when evaluating
u, in the illuminated region.

By use of a partition of unity, we shall break the interval of integration into
three overlapping intervals. In the first, where x| < 2Bk~Y3, B > 0, we shall
use the results of Appendix C to show that

: J(x a; k) S (o, k) } \
6.1 )= HW{x, a; k — = = O(fV2=n/3)
(b ) w (X, &3 )[H“’(x, %3 k) 1‘1(”(9(, k) ( )

Here and throughout this section, x is restricted to lic on §. It follows immediately
that the corresponding integral has order k%3 In the interval where
—u = k~13B, the asymptotic expansions of HV, J, H® and J are valid, and the
integrals for #; and u, may be evaluated by the method of stationary phase, as in
Section 3. Since the incident and reflected waves cancel on S, the first n terms
in the expansion of #, + u, vanish. In the interval where o = ¥71/3B, we can
again use the asymptotic expansions of HW, J, A and J. Since J and J are
exponentially small in 4~!, we conclude that the corresponding integral is
exponentially small in &~

We choose a function p, which is infinitely differentiable, such that
0 = pifyy £ 1forall y,

I i W <B,
0 if |yl =2B.

il

(6.2) niy)
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Then we define p,(y) and p;(y) by means of

L—p(y) if  y<O0,
6.3 =
(6.3) po(y) [0 £ y=o0,
1 — pi(y) if y >0,
6.4 =
(6.4) Ps(y) { " y 0.

Thus we may write
(6.5) u (%, k) +ulxe, k) =1L + I, + I,
where

6.6) I(x, k)= kfeik"(””’“) ‘:J(x, o k) — HV(x, a; k) ?}{%&%:‘ £ (kY3a) da

In order to estimate /; we estimate w, defined by (6.1). In view of the
definitions of J, HV, J and AU, we have
w = k—1/3[A(__e2ﬂi/3k2/3p)g + ik—l/sA'(__e—zni/skz/:sp)h]

(6.7) o [ A(—k*3p) ¢ + ik*1/3A’(—k2/3p)fL B A(—k235) :,
A(— £27il3L2/3 p)g + kTV3A'(—Kk23p)h A(— o2mii3)2/3 )

From Section 5 and Appendix C, we have (see (5.1), (5.4) and (C.1))

ll

n—1— 22)

II

0 =

O(a

(6.8) 0,
O(am=%),
O(

p—p=0(").
Thus, in the support of p,(k¥%a), we have
h = O(k—tn—173)
h = O(k—(-v/3y |
¢— &= 00),
p— =00k

(6.9)

Since « is real, the denominators in (6. 7) are bounded away from zero. If we
regard w as a function of p, g, # and 4, an expansion around p = p, g =35,
h = h = 0 shows that w has order kV/2"/3 a5 stated in (6.1), and hence I, has
order k7/6-7/3,
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In the integral J, we have —a« = k=3B, and hence k¥3p(x, o) = B,kV3.
Thus J, HY, J and H® may be replaced by their asymptotic expansions. Assum-
ing for the moment that /, may be evaluated by the method of stationary phase,
the results of Section 3 show that, if p,(k}/3x) = 1 at the stationary points for #;
and u, , then the first n terms of the expansion will cancel. If the stationary points
lie in the region k~Y3B < —a < 26738, then cancellation will be affected by
the factor py(k¥3a). Denoting the stationary points for #, and u; by & and & as in
Sections 2 and 3, Appendix C (C.11), shows that & — & = \/p(x, &) 0(a") =
O(k~%6-"/%). Consequently we have

(6.10) Do(KV35) — py(KYV3E) = O(KVS-3) |

with similar estimates for the derivatives of p, ; thus the stationary phase con-
tributions will cancel to the same order. If the stationary points lie outside the
interval of integration, i.e., 0 £ —a = k~1/%B, then we shall see presently that I,
is smaller than any power of k~1. On the shaded side of S, we may use (4.7),
and no stationary points appear.

We turn to the justification of the method of stationary phase. Using the
asymptotic expansions of J, H®, J and H™, we have (see (3.4) and (1.15))

12 ~ kf I:eikcp'(a:,a)z_ + eik¢+z+ — eik¢+z+
(6.11)

(gt z_
— T -z—:l Dba(kY3a) dor .
+

The term involving ¢~ (x, «) is typical. We replace « as variable of integration
by §, defined by

(6.12) B = plx, a),
and we introduce s(x, §) by means of

B(x, &) — 0(x,0)

(6.13) s(x, B) = e

Then we have

(6.14) (ﬁ“()(, ®) = 6(") @) — %(P(x: “))3/2 = e(x, 0) + ﬂzs - %ﬁs .

The results in [14] assure us that the method of stationary phase may be applied
to the first term in (6.11) as long as £%/3s is large. Thus if s 2 $Bk~V/¢, the remain-
der after n terms in the stationary phase evaluation of 4, + u, will have order
k=72, If 5 < }BEk~VS, then the stationary point for ¢~ lies outside the support of
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p» . Using the results of [14], we conclude that in the latter case the first term in
I, is smaller than any power of £~ Similar estimates hold for the remaining
terms of I, , involving ¢+ and ¢+ + yp~ — »*.

In the integral J,, we may again use the asymptotic expansions of J, H®,
J and A®. Asin (5.13)-(5.16), we conclude that I, is exponentially small in 41,

Appendix A. Diffraction by a Circular Cylinder

In the case of diffraction of a plane wave by a circular cylinder, the exact
solution can be given explicitly. Since the situation is simpler in that case,
our procedure is more transparent. The methods and results of this appendix
are drawn from S. I. Rubinow and J. B. Keller [16] and H. M. Nussenzveig [15].

We consider two-dimensional space: x = (x;, x,). The function u(x, k) is
required to satisfy (1.1)—(1.3), with .§ replaced by a cylinder of radius a and
u(x, k) = é*a,

It is convenient to introduce polar coordinates x, = 7 cos 8, x, == rsin §. The
polar angle § is related to, but not the same as, the function 8(x, «) used in other
parts of this work. By means of the Poisson sum formula (representing %" ¢85 ¢ by
means of a Fourier transform with respect to ), we obtain

(AI) u; = oikroos 8 — p 2 eikﬂ(—6+n/2+2nm)Jkﬁ<kr> dﬂ .
Mm=—c0 J—®

First we shall discuss the asymptotic expansion of J, 4(kr), and then we shall show
that, at any given point, all but one of the terms of the sum (A.1) are negligible.
For r > |B|, Jys(kr) may be represented by means of its Debye expansion:

(A.2) eikﬁ(~9+ﬂ/2)Jkﬁ(k7) ~ eik¢+z+ + gik‘i’_Z— ‘

Here we have set

(A.3) ¢(x, B) = ﬁ(g - Gt) = if g>0,

(Aa4) Bnp=p(-F-0) e g0,

where 0. and ¢, are the angles and lengths shown in Figure A.1.2 Hence, as
|¥| = o0, ¢* — o0 and ¢~ — — 0, i.e., £#¢ z_is outgoing and ¢*¢ z_ is incoming.
The functions ¢+ also satisfy the eikonal equation (1.10) identically in B, and

hence by differentiating (1.10) we see that $5(x, B) is constant along the rays
which correspond to ¢=.

% The radius of the circle in Figure A.1 is 8.
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Figure A.1

Now we apply the method of stationary phase to (A.1), after replacing the
integrand by (A.2). The condition of stationary phase is

(A.3) qu(x, B) = —2mm .

If |x| = B, then from (A.3) we must have 6, = 27m + }n. Hence, the phase is
stationary along the horizontal ray which is tangent to the circle |x| = § at the
top. There is another stationary point with 8 < 0, corresponding to the horizontal
ray which is tangent at the bottom. The result of the stationary phase evaluation,
of course, is the incident wave; compare the treatment in Section 2. If we think
of polar coordinates as giving a many-sheeted covering of the plane, then each
term in (A.l) is significant on only one sheet; the summation over m is required
to make the result single-valued. We are interested in values of 6 near 1, and
hence we may neglect all terms but one in the sum (A.l).

We are now ready to represent the scattered field. Since u, is outgoing, u
should be a superposition of Hankel functions of the first kind. The condition
that u; + %, = 0 for |x| = a then implies that

® . Jyg(ka)
(A.6) = —kJ- HO (fr)ekblalz—0) X7 4g
SR uy(x, k) kg ( r)e ngg)Um) i
Only the integration where |§| < a is significant, since Jy,(ka) is exponentially
small if | 3] > a, and the ratio of the Hankel functions is bounded.
The following discussion is the prototype for Section 3. In the illuminated

region, we can replace the Bessel and Hankel functions by their Debye expansions.
Then (A.6) becomes

g, K) ~ —kfe’*"’””””a(x, B) dp
(A.7)

O YL
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where yt(a, ) = —y~(a, f) = {.(x) evaluated at [x| = a. The first integral in
(A.7) can be evaluated by stationary phase; we obtain

(A.8) ép (%, By =0 at the stationary point .

This condition is only satisfied if x is on the right half of a horizontal ray which is
tangent to a circle of radius 5. Since we may restrict ourselves to |8 < a, the
first integral has a stationary point only in the shadow.

In the second integral in (A.7), the condition of stationary phase is

(A.9) &y (x, B) — wi(a, B) + vz, f) =0.

We first consider the case where |x| = a. In view of the definitions of ¢+ and y¥,
(A.9) becomes

(A.10) ¢5(,f) =0  for Ix] =a,

i.e., x is on the incident ray which is tangent to the circle of radius §. At the
stationary point (not necessarily on |x| = a) the total phase is

(A.11) gg(x) = ¢+(x: ﬁ) + v (a, ﬁ) — pi{(a, /g) 5
and hence
(A.12) Vé(x) = Vét(x, B)

Symmetry shows that if [x] = 4, Vé* and V¢~ make equal angles with the normal
at x. Thus if dx is tangent to the circle of radius ¢ and ¢, denotes the incident
phase, we have

(A13)  dx- V@(x) = dx- Vgt(x, f) = dx- V(x, f) = dx- V,(x)

We conclude that V@ has the direction of the reflected ray at x, if |x| = a. Since
B is constant if V@ is constant, we conclude that ¢(x) is the reflected phase,
and our evaluation of (A.6) yields the reflected wave in the illuminated region.
However, the procedure breaks down at the shadow boundary.

In order to discuss the deep shadow region (the analogue of Section 4), we
combine (A.1) and (A.6) to obtain

© Jiglka
(A1) u (e, k) + ux, k) = k‘f_wezkﬂ(nlz—e)[Jkﬁ(kr) — H,i},’(kr) Hzg)((ka)):i 48
Since
(A.15) Tiglhry = FH) (kr) + LHE (kr) ,

we may rewrite (A.14) as

- i ] H(Z)(k
(A16) u,(x, k) + uy(x, k) = -;kf_wg kpla/2 9’[H,i§’(k’) H,ﬁ};(k ) H“’(k )J ag .
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If the contour of integration is deformed into the upper half-plane, the integral is
replaced by a sum of residues at the points 8, such that

(A.17) H{Y (ka) = 0.

kB

Each such residue will have the form

[{(2) k
(A.18) ulx, k) = —ink.ﬁﬂ_

33 k)

RO (kr)

The asymptotic expansions of §, and y,(x, k) may be obtained by use of uniform

asymptotic expansions of A and H® in terms of Airy functions. The inter-
pretation of #,(x, k) as a creeping wave is given in Section 4.

Appendix B. Construction of p, 6, é and h

In this appendix, we shall construct p(x, a), 0(x, ), §(x, a; k) and A(x, a; k)
in such a way as to satisfy the following conditions:

(B.1) p(Vp)* + (V)2 =1,
(B.2) 2Vp- VO =0,
(B.3) plx, ) = —o + O(«™) for x on §,

, . oo
(BA) 2V0- V¢ + AO¢ + 20V Vh + pAph + (Vp)%h + £ Mg =0,

1,
(B.5) 2Vp - Vg + Apg +2V0- Vi 4+ Abh + p Ah =0,

(B.6) h(x, o; k) = O(« 1) for xon §.

It is easily verified that (B.1), (B.2) are equivalent to (1.10) and (1.12), (1.13)
(the eikonal equation for ¢=), and (B.4), (B.5) are equivalent to the transport
equations for the amplitudes z, associated with ¢+. It is further shown in [13]
that (B.1), (B.2) and (B.4), (B.5) imply that e*®'#2J(x, «; k) is an asymptotic
solution of the reduced wave equation. Conditions (B.3) and (B.6) are used in
Sections 4, 5 and 6. Our solution will permit 0(x, «) and g(x, «; k) to be specified
on S, as in Section 2.

We shall first give a formal solution of (B.1)—(B.3). This formal solution will
be used to construct the surfaces S, . Then an actual solution of (B.1)-(B.3) can
be obtained from the theory of [13]. The construction of § and 4 proceeds in an
analogous fashion.
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We look for a (formal) solution of (B.1}, (B.2) of the form

o . a]
(B.7) ) = 3 A =,
i=0 J:
(B.3) blx o) = 3 0,(0) =
j=0 J:
where (B.3) is replaced by
(B.9) plx,a) = —aifxison §.

Setting o = 0 in (B.1), (B.2), we observe that g, and 8, satisfy (B.1), (B.2). In
view of (2.11), (2.12), we require that fy(x) = ¢,(x) and VO,(x) = Vé,(x) if x is
on C (the shadow boundary). According to [13], Sections 1 and 2, 6,(x) can be
determined on S, and then g, and 0, can be constructed in the exterior of § by
integrating along rays which are tangent to S. The resulting functions have
analytic continuations inside S.

By substituting (B.7), (B.8) into (B.1), (B.2) and equating each coefficient of
« to zero, we see that 3, and §; must satisfy

(B.10) Ar(Vpo)® + 280V V1 + 2V, - VO, =0,
(B.11) Vpo- VO, + Vp, - Vb, =0,

with similar linear equations for §; and b,. On S, (B.9) implies that 5, = 0 and
py = —1. Thus, on §, (B.10) becomes

(B.12) 2V, - VG, = (Vp,)t for x on S

The fact that § has Gauss curvature bounded away from zero implies that
(Vpo)? # O (see [13], Section 2 or [11]) and hence the tangential derivative of 8,
is different from zero. In view of (2.9), we set §; = 0 on C. Thus 8, can be

determined on § from (B.12). After multiplying (B.11) by +2v/ _;; and adding
(B.10), we obtain

(B.13) 2(Vhy 4+ V3o Vo) - (VB £ VBy Vp,) = 0.

Hence 0, + \/;, p, is constant along rays which correspond to ¢*(x, 0), and 6§,
and §, can be determined from (B.13). The functions f;, and p; can be con-
structed in a similar fashion. The appropriate values of f);, on C can be computed
by differentiating (2.9).

We cannot define p and § by means of (B.7), (B.8), since the corresponding
series will probably converge only in exceptional cases. This remark is due to
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J- Moser, who observed an analogy with certain series which are known to diverge.
We can circumvent this difficulty by truncating the series: we set

n—1 O{,j
(B.14) Px ) = 2 Bylx) =,
j=0 J:
n—1 Otj
(B.15) b, ) = 3 0,(x)
=0 J!

Now we define §, as the locus where p{™(x, o) = 0. We obtain p(x, ) and

6(x, «) which satisfy (B.1), (B.2) by prescribing p(x, «) =0 on §, and using

(2.11), (2.12}. The existence of p(x, «) and 6(x, ) is assured by the results in [13].
We shall now verify that

(B.16) 0(x, o) — O (x, 2) = O(a”),

(B.17) plx, o) — pt(x, a) = Ofa™) .

From our construction we immediately have

(B.18) Bul¥) = plx, 0)

(B.19) Do(x) = 6(x,0) .

From (2.9), we also have

(B.20) 6,(x) = 6,(x,0) on (.

Now let z(«) be a point on §, . By definition we have

(B.21) p(2(a), @) = 0,

(B.22) p{z(a),a) = 0.

Differentiating (B.21), (B.22) with respect to « and setting a = 0, we obtain

(B.23) pr+ Vpg- z,(0) =0,

(B.24) Pa(%,0) + Vp(x, 0) - z,(0) = 0.

Thus, since gg(x) = p(x, 0), we have

(B.25) pa(%,0) = pi(x) = —lifxison §.

In a similar fashion, by differentiating (B.1), (B.2) and comparing with (B.10),
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(B.11), we see that

(B.26) Prlx) = py(x,0),
(B.27) b,(x) = 0,(x,0) .

A

By a similar procedure, the remaining terms in g™ and 6™ can be identified
with appropriate derivatives of p and § at « = 0.

We turn to the construction of § and A which satisfy (B.4)—(B.7). The
appropriate surface on which to specify § and 4 is S, ; however, condition (B.6)
refers to §. This difficulty (like the analogous difficulty in the construction of p
and 6) can be circumvented by a formal expansion of ¢ and /£ in powers of «
and £, i.e.,

(B.28) dxoih) = 3 3 40 J‘"—, ,
(B.29) hix, a3 k) = % 2 oy () (i) J#

Setting « = 0 and inserting (B.28), (B.29) into (B.4), (B.5), we see that (B.4),
(B.5) are satisfied by #(x, 0; k) and h(x,0; k), and (B.6) becomes

(B.30) h(x,0;k) =0 for xon S.

In view of (B.30) and the fact that p(x, 0) = 0 on S, (B.4) becomes
I
(B.31) 2V0(x,0)  V4(x,0; k) + Af(x, 0)g(x, 0; k) + 7 Ag(x,0;k) = 0.

This is the surface transport equation on S; it determines g(x, 0; k) as a formal
power series in k=1 if (x, O; k) is prescribed on S. The equation for gy, is especially
noteworthy: from (B.31) we obtain

(B.32) 2V0(x, 0) -+ Vioo(x) + AB(x, 0)gpo(x) = O .

Now §(x, 0; k) and A(x, 0; k) can be obtained by integrating along the rays which
correspond to ¢+(x, 0) (see [13]).

By inserting (B.28), (B.29) into (B.4), (B.5) and equating the coefficient of
each power of « to zero, we obtain equations analogous to (B.4), (B.5) for
derivatives of § and 4 with respect to « at « = 0, which also can be solved by
integrating along rays. This formal solution can be used to provide the appro-
priate values for g(x, a; k) on S, . Finally, application of the procedure of [13]
enables us to construct § and 4 from (B.4), (B.5), with the assurance that (B.6) -
will be satisfied.
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Appendix C. The Connection Between p and §, g and 3

The functions p(x, ) and g(x, a; ) were defined in connection with the
representation of the incident field in Section 2, and the functions p(«) and
g(x, u; k) were defined in connection with the representation of the reflected field
in Section 3. In order that the boundary condition be satisfied in the penumbra,
it is necessary that

(C.1) plx, o) — pla) = O(a®) for x on §.

It follows from (B.3) and (C.1) that

(G.2) Bla) = —a + O(a"),

and it is an easy consequence of (B.3) and (C.2) that g and ¢ satisfy

&(x, &) + Vplx, &) hy(x, &)
(C.3) . .
= g,(x, &) + Vp(x, &) hj(x, &) + 0@E™*) for xon ;.

We shall derive these facts together with some related information in this appendix.
From the definition (1.12) of p(x, «), we have

(C4) 3p(x, @)¥* = ¢t (x, 0) — (%, 0) .

Combining (3.10) and (C.4) and observing from (2.8) that ¢,(x) = ¢—(x, &(x)),
we have

(C.5) $(p(@)¥2 = 3(p(x, ¥)¥2 + ¢~(x, &) ~ ¢7(x, &),
or from (1.12), (1.13),
3(p(@)% = 4(p(x, &)¥2 + 0(x, &)
— 0(x, &) — §[(p(x, @))% — (p(x, &))**] .

In order to estimate §(&) — p(x, &) from (C.6), we first estimate &(x) — &(x).
From (2.10) and (3.9), we have

de - Vt(x, &) = dx- V,(x)

(C.7) .
= dx+ V¢~ (x,8) if xison I, dx tangent to I'; .

If we express ¢t and ¢~ in terms of § and p, (C.7) becomes

(C.8) dx-[VO(x,5) — VO(x,8) + V p(x, & Vp(x, ) + Vp(x,8) Vp(x,8)] =0,
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It follows from differentiation of (B.3) that

(C.9) de+ Vplx,a) = O(a") if xison T, dx tangent to I, .
Substituting (C.9) into (C.8), we obtain

(C.10) dx - [VB(x, &) — VO(x, &)] = Vp(x, &) 0(E") + Vp(x, &) 0(&

or

(C.11)  dx- VO,(x, &) (& — &) + O(& — &)2 = Vp(x, &) O(&") + V p(x,8) 0(&") .

In view of (B.13), we have dx - V0, 5 0 if dx has the direction of V6(x, 0). Thus
we conclude from (C.11) that

(C.12) & — & =Vpx & 0@E" .
In view of (C.12), (C.6) becomes
(C.13) $(p(@)¥ = $(p(x, @))% + Vp(x, &) O(5") .

Our main result (C.1) follows from (C.13).
The following remarks are useful for Section 3. From the definition of ¢t
we have

(C.14)  dx- Vi (x, &) = dx VO(x, p Vp, - dx
\/ p
ifxison I';, dx tangent to I', .
In view of (B.3) and (C.9), we have
(C.15) dx - Vgi(x, &) = dx- VO,(x, &) + —= 0(&") .

\/ p
Thus if dx has the direction of V6(x, 0), we conclude from (B.12) that
(C.16) VO(x,0) - Vgt (x, &) # 0 for x on I, .
Differentiating (C.2) in the direction of Vf(x, 0), we also obtain
(C.17) Vi(x, 0) - Va(x) # 0,

since differentiation of (2.4), (2.5) implies that

(C.18) VO(x,0) - V&(x) #£ 0.

Now we examine the relationship between g(x, &; k) and g(x, &; k). We
obtained #(x, &; k) + £h{x, &; k) by applying the method of stationary phase
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to the double integral (2.1). The same result is obtained on I'; by using the
asymptotic expansion of J{x, «; &) and applying stationary phase to (1.6). The

coefficients g,(x, &) — V p(x, &) h;(x, &) thus are obtained in terms of the deriv-
atives up to order 2 of

(C.19) p(x, &) = O(x, &) — §(p(x, &))*2.

On the other hand, in Section 3, g;(x, &) + \/p(x, &) hy(x, & was determined in
terms of the derivatives up to order 2 of
(€.20) Blx, &) = O(x, &) + §(p(x, &))%2 = §(p(&)>2.

In view of (C.12), (C.13),

A

(C.21) Bix, 8) — Bix, %) = Vplx, &) O(E") .

Since the results of the stationary phase evaluations are both equal to ¢*¢:{#) 7 (x, k)
on I';, we conclude that

g5(x,8) — Vp(x, &) hylx, &) = g;(x, &) + Vp(x, & hy(x, &)
(C.22)

+ Vpl(x, &) O(3™%) .
It follows from (5.1) and (C.12) that

gilx, &) + Vplx, &) by, &) = g;(x, &) + Vp(x, &) hy(x, &)
(C.23) _—
+ Vp(x, &) 0@E™) .
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