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ABSTRACT. Coupling between the structural
dynamical behaviour of a system and its interior
acoustical characteristics, is an important phenomenon
in many applications. Examples of this can be found in
automotive or aircraft applications. For low frequency
applications, a modal approach can be very useful to
describe this vibro-acoustical coupling. Based upon
combined vibrational/acoustical FRF measurements,
either with respect to acoustical or to structural
excitation, modal vibro-acoustical analysis can be
carried out.

This paper presents a consolidation of the theory
behind the vibro-acoustical modal model. The model
formulation is shown to be a non-symmetrical
formulation. It is shown that this is not contradictory to
the well known vibro-acoustical reciprocity principle.
The implications of this non-symmetry for the modal
model are discussed. It is pointed out which variables
must be measured, that allow a consistent model
formulation.

The theory is illustrated by measurements on an
experimental vibro-acoustical system, consisting of a
rigid cavity, with one flexible wall. Experimental
constraints and requirements and analysis results are
discussed.
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p pressure (N/rn2)

acceleration (rn/s2)

q volume velocity (m3/s)

f structural (point) force (M
p fluid density (kg/rn3)
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1. INTRODUCTION

When considering the global vibro-acoustical problem
of enclosures, coupling exists between the acoustical
response in the cavity and structural excitation,
whereas also the structural response is coupled to
acoustical excitation sources in the cavity.

Vibro-acoustical coupling implies that the acoustical
and vibratory system behaviour are not independent
from each other. The global system behaviour has to
be considered as one unity.

In order to fully understand and model the vibro
acoustical problem, vibro-acoustical modal analysis
can be considered, which aims at identifying an
(interdependent) model both for the vibratory and the
acoustical behaviour of a system.

Modal analysis is an appropriate tool to solve this
problem in the lower frequency area. However, the
correct physical quantities must be measured. Also it
is important to understand how these quantities relate
to each other, and which model formulation is
consistent. A special focus must be put on vibro
acoustical reciprocity, implying a special form of non-
symmetry in the consistent model formulation. This has
repercussions on the choice of the excitation method,
which can be either acoustical or structural.

2. MODEL FORMULATION

The equations describing vibro-acoustical interaction
between structures and enclosed cavity can be
deduced from finite element formulations. Combining
the structural equations of motion, considering
externally applied forces, as well as a distributed
pressure loading at the cavity boundaries, with the
indirect formulation for the acoustical pressure
distribution in the cavity, due, either to acoustical
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sources in the cavity or a structurally induced radiation
from the cavity boundaries, gives the following basic
equation for vibro-acoustical systems (reference [1],
[21).
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The set of equations (1) represents a second order
model formulation for the vibro-acoustical behaviour
and can be used for further deduction of modal
analysis applications. However, it is clear that the set
of equations is non-symmetrical. This is even more
clear when rewriting equation (1) into a more compact
matrix form:
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with

A = Ks_IcoCs_co2Ms (3)

A1’ = (Kt_kct_-2M’)/p (4)

The matrix K represents the coupling term between
structural response and acoustical excitation, or
between acoustical response and structural excitation.
This coupling matrix is purely determined by the
geometry of the cavity boundaries.

3. VIBRO-ACOUSTICAL RECIPROCITY

Reciprocity in purely structural vibration problems, as
well as in purely acoustical pressure problems is well
known as the Maxwell reciprocity. In the structural
case, acceleration response and force are related,
while in the acoustical case, volume acceleration and
pressure are related.

For vibro-acoustical coupled problems, the vibro
acoustical reciprocity principle is valid. According to
publications (e.g. [31, [4], [10]), this reciprocity is
expressed as follows:
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In words, the ratio between the acoustical pressure
response p, at response location i within a cavity and
structural force excitation at a location j on the
structure (without excitation by an acoustical source)
equals the ratio between the acceleration response 5’

measured at the location and in the direction of the
applied force j and acoustical excitation (expressed in
volume acceleration) at the pressure measurement
location i(in absence of structural excitation).

One can derive from the set of equations (2) the
following relations for the left and right terms of
equation (5):
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It is clear that, when the submatrices A’, A1, K5 and M°
are symmetrical, the reciprocity relation (5) can be
deduced from this set of equations.

The importance of equation (2> lies in the fact that
vibro-acoustical reciprocity is valid, even if the
describing set of equations is not symmetrical.
However, symmetry of the submatrices is required, but
this is a priori met under a linear assumption. The non-
symmetry of (2) is a particular feature of coupled vibro
acoustical systems, and it differs both from the
mechanical and acoustical subsystems, where
reciprocity is expressed by the symmetric form of the
governing equations as well. In other words, the
intrinsic and more general feature of reciprocity of
physical systems is not necessarily accompanied by
symmetry in the mathematical description.

It is worth noting that the non-symmetrical formulation
of the set of equations is due to the choice of variables
X, p. f, 7 which is imperative to come to the second
order formulation as described in the equation (2) and
thus useable in experimental modal analysis
techniques. These variables are physically
measurable.

4. IMPLICATIONS FOR ThEORETICAL
VIBRO-ACOUSTICAL MODAL ANALYSIS

From the set of equations (2), it is clear that both the
acoustical uncoupled problem and the vibrational
uncoupled problem (K’ = 0) can be described by a(5) symmetrical set of second order equations. The same
type of modal parameter estimation and modal
decomposition algorithms as for vibrational problems
can thus be used for acoustical problems.

For the coupled problem, equation (2) is non-
symmetrical. This non-symmetry implies that the left
eigenvalue problem has different solutions as
compared to the right eigenvalue problem. With B
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representing the non-symmetrical system matrix, the
left eigenvalue problem can be written as:
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The right eigenvalue problem is:
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For the special non-symmetry of the system equation
(2), it can be proven that the right and the left
eigenvectors show a special relation with respect to
each other (see reference [2], [8]).
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This leads to the following conclusions about the modal
description of the coupled vibro-acoustical system,
which are in correspondence with reference (5).

The transfer functions between structural displacement
or acoustical pressure response R at location i and

structural force excitation t1 at location j can then be
written as function of the right eigenvectors and
eigenvalues of the system matrix, as follows (see also
ref. [21):
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The transfer functions between structural displacement
or acoustical pressure response p, at location i and

acoustical volume acceleration excitation at
location jcan be written as follows:
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The right eigenvectors of the coupled problem
represent (but for a global scale factor) the vibro
acoustical modes; the left elgenvectors represent (but
for a scale factor per mode) the participation factors.
Due to the special relation between left and right
eigenvectors, the participation factors for acoustical
excitation and structural excitation are different with a
scale factor that equals the eigenvalue squared (and
thus different from mode to mode).

5. IMPLICATIONS FOR EXPERIMENTAL
VIB RO-ACOUSTICAL MODAL ANALYSIS
Most of the multiple input/multiple output modal
parameter estimation algorithms do not require
symmetry. The non-symmetry of the basic set of
equations (2) and hence of the modal description (11-
12-13-14) does not pose any problems for those
parameter estimation techniques, in order to obtain
valid modal frequencies, damping factors, and mode
shapes. The non-symmetry of the modal is absorbed
by the participation factors.

Structural excitation can be substituted by acoustical
excitation. The modal models (mode shapes,
frequencies, and damping factors) derived from either
acoustical excitation FRFs or structural FRFs are
compatible, taking into consideration the normal
excitation controllability restrictions. However, the
participation factors, obtained with acoustical
excitation, differ by a scale factor per mode, as related
to structural excitation, this due to the special non-
symmetry of the set of equations (2).

This has its consequences in expanding the system
matrix from one type of excitation to another type of
excitation. For purely structural applications, the
expansion is symmetrical, based on the structural
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reciprocity principle. In vibro-acoustical systems, the
expansion must be done according to the vibro
acoustical reciprocity principle, which means that the
expansion from one excitation type to the other cannot
be done in a symmetrical way. This is reflected in the
scale factors that must be applied, in order to go from
the structural formulation (11-12) to the acoustical
formulation (13-14). The scaling factors are the
squared eigenvalue for each corresponding mode.

For practical applications, acoustical excitation is
preferred over structural excitation for different
reasons: the measurements are of a better quality, the
acoustics of the cavity which is the goal function to be
studied is excited in a direct way, the measurements
are more efficient. There is however a very important
practical aspect: how to determine the quantity q
(volume acceleration) of the acoustical source.
Although comhiercially available systems do not yet
exist, various techniques have been suggested (ref.
[5], [91) and are in use with success since quite some
time. The methods used for the application part in this
paper will be discussed in section 6.2.

6. APPLICATION: MEASUREMENTS AND
ANALYSIS ON A VIBRO-ACOUSTICAL MODEL

6.1 Model description

The model used for the experiments is an irregular
PVC box (with some resemblance to a car body) of
maximum dimensions 0.84x0.4x0.4 m, plate thickness
0.01 m. The box can either be closed with a PVC
bottom plate (for the uncoupled acoustical case) or
with a flexible steel plate of 0.001 rn thickness (for the
vibro-acoustical coupled case). A third possible
version of the setup can be obtained by removing the
three top plates, thus bringing about nearly uncoupled
conditions for the flexible bottom plate (uncoupled
structural case).

The acoustical excitation is ensured by a loudspeaker
provided with a closed back cavity, built in in one of the
upper corners of the model box. It can be taken out
and replaced by a rigid PVC plate during the structural
excitation measurements, in order to close the cavity
with uniform impedance everywhere. For the structural
excitation two shakers are used, which are decoupled
during the acoustical excitation experiments, in order
again to avoid any uncontrolled impedance constraints.
The references for the structural excitation are
measured by force transducers, the structural
responses are measured by means of a set of roving
accelerometers. The reference for the acoustical
excitation, volume acceleration of the acoustical
source, is derived from the input voltage to the
loudspeaker (to be discussed below in more details).
The acoustical responses are measured by means of a

roving array of 5 miniature electret microphones. The
total number of structural responses was 212, the
number of acoustical responses was 151 (including
driving point measurements). Figure 1 shows the
picture of the experimental setup.

6.2 Acoustical source calibration

The correct calibration of the acoustical source is
essential if one aims at proving vibro-acoustical
reciprocity in quantitative terms. The acoustical source
is calibrated by laser velocity measurements at 31
points on the loudspeaker surface in the form of FRFs
referenced to the input voltage, and this under
anechoic conditions in a frequency range 20 to 1000
Hz. The volume acceleration vs. input voltage
calibration function is then calculated as the average
velocity over all points, multiplied by the active surface
of the diaphragm of the loudspeaker. Figure 2 shows
the obtained calibration curve used throughout the
measurement series. In order to establish whether or
not the loudspeakers output is unacceptably
influenced by the loading impedance of the cavity
during the actual measurements, the pressure in the
back cavity of the loudspeaker referenced to the input
voltage is measured as well, both during calibration,
and during the actual measurement runs. Figure 3
shows the superposition of the back cavity
pressureNoltage FRF during calibration (under free
field conditions (solid line)) and during measurement
(loudspeaker in enclosed cavity (dashed line)). Clearly
the effects of the acoustical resonances of the cavity
can be seen, but are nevertheless negligible. This
implies that the input voltage of the loudspeaker can
be considered as a correct reference signal for the
measurements.

6.3 Measurements

In order to establish the effects of the vibro-acoustical
coupling on the modal characteristics Qf the various
systems investigated, three series of measurements
are performed one to reveal the characteristics of the
flexible bottom plate of the box without cavity
(uncoupled structural subsystem - (dual input)
structural excitation, structural responses), one to
determine the modal model of the cavity enclosed with
rigid walls (uncoupled acoustical subsystem - (single
input) acoustical excitation, acoustical responses), and
eventually, measurements on the coupled vibro
acoustical system (both structural and acoustical
excitation - both structural and acoustical responses).

Figure 4 gives the summed structural/structural FRFs
for both the uncoupled structural case and the coupled
case, between 210 Hz and 260 Hz (232 Hz is the first
acoustical cavity mode). Figure 5 gives the summed
acoustical/acoustical FRFs for both the uncoupled
acoustical case and the coupled case, It is clear from



figure 5 that the acoustical response in the cavity is
remarkably affected by the coupling. A new resonance
frequency emerges, while the original (uncoupled)
resonance frequency essentially remains unchanged.
The structural response is less sensitive, even though
a thorough analysis shows the existence of a new peak
in the data in the coupled case and a slight shift of the
original resonance frequencies can also be observed.

Some global frequency shifts have occurred between
coupled and uncoupled cases, which can be attributed
to temperature shifts (in spite of all effort to keep
measurement time as low as possible, the
measurements had to be performed over several day’s
time) and to slightly varying boundary conditions in
between the different measurement setups.

6.4 Vibro-acoustical reciprocity

Due to the absolute calibration of the acoustical source
used in the experiment, the vibro-acoustical reciprocity
can be really verified. Figure 6 shows the
superposition of the FRFs of the acoustical pressure
response at the loudspeakers location (with the
loudspeaker taken away from the measurement set up
and substituted by a rigid plate) with respect to
structural excitation at one position, with the
acceleration response at this shaker position with
respect to acoustical excitation of the loudspeaker
(with the shakers disconnected from the bottom plate).
Despite the rather bad quality (caused by low signal to
noise ratio, due to the not sufficiently high level of
excitation) the correspondence between the pairs of
FRFs is rather convincing. It shows that the vibro
acoustical reciprocity is a valid assumption for this
experimental system.

6.5 Modal analysis results

Least squares complex exponential and least squares
frequency domain curve fitting procedures were used
for curve fitting all available data. This resulted in the
following natural frequencies, and damping factors for
the different cases considered:

uncoupled uncoupled coupled coupled
acoustical structural structural acoustical

excitation excitation

230.8 Hz I 230.0 Hz I 231.8 Hz I
0.8% 0.7% 0.7%

230.9 Hz 1 232.6 Hz / 233.6 Hz /
1.4% 0.6% 0.5%

236.3 Hz / 237.2 Hz /
0.5% 0.5%

236.4 Hz / 238.1 Hz / 238.4 Hz /
0.6% 0.9% 1.0%

Figure 7 shows the corresponding mode shapes for
one of the resonance frequencies. The pressure
variation in the acoustical cavity is represented by a
“displacement” perpendicular to the planes that were
measured in the cavity. Clearly both the coupled
structural modes and the acoustical modes correspond
very well between the structural excitation case and
the acoustical excitation case. The coupled acoustical
modes are very similar to the non-coupled acoustical
mode shape; the coupled structural modes are very
clearly related to the original uncoupled structural
mode shapes.

7. CONCLUSIONS

Within this paper a framework of reference has been
put down for performing vibro-acoustical modal
analysis. Starting from a theoretical finite element
formulation of the vibro-acoustical problem, it is shown
which second order model formulation is appropriate
and consistent for experimental vibro-acousticaf medal
analysis. It is explained which physical parameters
must be measured, both in case of structural excitation
and in case of acoustical excitation. Also it is shown
that the general vibro-acoustical reciprocity does not
imply model symmetry. On the contrary, the equations
of motion are characterised by a special non-
symmetry. The consequence of this is that special
modal scaling, equal to the eigenvalues squared, must
be applied in the modal models to go from acoustical
excitation to structural excitation, and vice versa.

The theory is proven by performing extensive structural
and acoustical tests, both using structural and
acoustical excitation, on a vibro-acoustical laboratory
model. Care is taken to calibrate the acoustical source
strength. By this vibro-acoustical reciprocity can be
verified and proven experimentally. Consistent modal
models are derived from the FRFs obtained with
structural and acoustical excitation.
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Figure 2 Calibration curve : volume
acceleration/voltage FRF
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Figure 3 Back cavity pressure/voltage FRF in
loudspeaker in free field and in enclosed

Figure 1 Experimental setup
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Figure 5 Summed acoustical/acoustical FRFs
(coupled (solid) vs. uncoupled case (dash))
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FIgure 6 Vibro-acoustical reciprocity at
shaker location 1

Figure 7 Modal deformations : upper figure:
uncoupled acoustical case; middle right

figure : uncoupled structural case;
middle left figure : coupled case structural

excitation; lower figure : coupled case
acoustical excitation
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Figure 4 Summed structural/structural FRFs
(coupled (solid) vs. uncoupled case (dash))

,,e.

:
,i€B.

::
—Iee.

2,e.ec

-I
•


