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Abstract 
In this paper we present a new vibroacoustic and electro-mechanical coupled lumped equivalent network, 

which accurately describes torsional vibration conditions of permanent magnet synchronous motors 

(PMSMs) in case of single-phase pulsating current excitation in conjunction with small angular 

displacement of the rotor. Our model contains both mechanical and electrical parameters of the motor and 

yields their dependence upon rotor position and explains vibroacoustical effect of cogging torque. We 

introduce an experimental technique for the measurement of quantities proportional to mechanical and 

electrical impedance of the motor, than we provide a method for curve fitting and parameter identification 

on the measured transfer functions. Finally we present a case study on the detection of possible faults 

when cementation of the rotor magnets is not satisfactory. 

1 Vibroacoustic model of an ideal permanent magnet synchronous 
machine 

There are several methods for analyzing torsional systems in literature [1] [2] [3], and measurement 

techniques of these systems are also commonly available [1] [2]. In case of translational mechanical 

systems (like a loudspeaker) the use of lumped equivalent networks is a frequently applied approach too 

[4] [5] [6]. One example can be the classical loudspeaker box design [4] [5] [6], which requires an 

accurate model of magnetic circuitry of the loudspeaker as an electro-mechanical transducer. The most 

common task if one analyzes torsional systems is to reveal the vibration conditions under normal 

operating conditions and excitations. 

The lumped equivalent electric network of permanent magnet synchronous motors (PMSMs) describes 

accurately the behavior of a motor when it is rotating at synchronous rotational speed n0 [7]. However, 

predictions of this model can not be adopted directly when the stator is excited by a single phase non-

sinusoidal current, instead of the conventional three-phase one. 

In this paper first we present a linear coupled vibroacoustic lumped equivalent network which explains the 

interior processes of an ideal PMSM during single phase arbitrary current excitation (like white noise), 

when the angular rotation of the motor shaft is small enough to neglect changes in the magnetic conditions 

of the motor. 

In order to come out with a reliably applicable motor model we have to take into account the vibroacoustic 

effect of the so called cogging torque of a PMSM. However, while cogging torque is a well known 

phenomenon in machine construction and its reduction is essential in high performance drive applications 

[7] [8] [9], the vibroacoustic aspects of it is still undiscovered. In the 2
nd

 chapter we introduce a possible 
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modeling approach that allows to use a simple lumped equivalent component in the torsional vibroacoustic 

model. 

1.1 Derivation of the motor model 

Building up a motor model one can regard the following. The well-known equivalent electric network 

(Figure 1) depicts the processes in the motor at n0 synchronous rotational speed, by using complex 

voltages and currents. R and L mean the Ohmic resistance and inductance of the stator, respectively, U 

means complex induced voltage (which is proportional to the angular velocity of the rotor), and Up, Ip 

mean the complex phase voltage and phase current, respectively. 

 

Figure 1: Equivalent network of a synchronous machine  

Let us continue the investigations by assuming one-phase random current supply rather than the standard 

three-phase excitation. As a result, the rotor will vibrate torsionally around an equilibrium position instead 

of constant rotation. 

In order to adopt the model to this pulsating field excitation, one has to examine, which of these 

parameters are the function of the φ mechanical angle between the rotor and the stator. 

The DC resistance R obviously does not depend on the position of the rotor, while it is not true for 

inductance and induced voltage, hence let us have L(φ) and u(φ) position dependent quantities. The 

instantaneous value of inductance depends on the condition of the magnetic circuitry, which changes 

according to the angle between the rotor and the stator. If the angular displacement is small indeed, 

inductance can be regarded as a constant in a given position.  

For the expression of the induced voltage and the current flowing in the winding, let us examine, what 

happens with an ideal conductor frame placed in a homogenous magnetic field B! 

 

Figure 2: Ideal conductor frame placed in a homogenous magnetic field 
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According to Faraday’s law of induction, the induced voltage in the conductor frame (u(t)) will be 

proportional to the induction (B), linear sizes of the frame (r, l), the angular velocity of the rotation (θ(t)) 

and the rotation angle between the normal of the frame and the field (sin(φ)): 

 )sin()()( ϕθ Blrttu =  (1) 

Similarly, if current (i(t)) flows in the ideal conductor frame, the torque acting on the frame ((m(t)) can be 

described as follows:  

 )sin()()( ϕBlrtitm =  (2) 

These equations hold if the angular displacement of the rotor is small enough. 

Though the ideal conductor frame placed in a homogenous field is a rather simple model of a real motor, it 

represents the physical processes in an appropriate way, therefore equations (1) and (2) can be applied in 

case of a two-pole machine as well. If the machine in question has 2p poles, pφ should be written in place 

of φ.  

Note that the constants and sin(φ) indicated in Equations (1) and (2) may be contracted to a rotor position 

(φ) dependent electromagnetic transmission parameter, and thus the motor can be handled as an ideal 

torsional electromagnetic transducer. The Equations connecting the electrical and mechanical sides may 

thus be expressed in the following form: 

 )()()( ϕθ Tttu =  (3) 

 )()()( ϕTtitm =  (4) 

where T(ϕ) denotes the (angle dependent) electromagnetic transmission ratio.  

Equations (3) and (4) enable one to draw the lumped equivalent circuit as depicted in Figure 3 by using 

the analogies applicable on torsional and mechanic systems (see Table 1 below). 

Translation Torsion 

Displacement x(t) [m] Angular displacement φ(t) [rad] 

Velocity v(t) [m/s] Angular velocity θ(t) [rad/s] 

Acceleration a(t) [m/s
2
] Angular acceleration β(t) [rad/s

2
] 

Force f(t) [N] Torque m(t) [Nm] 

Mass M [kg] Moment of inertia J [kgm
2
] 

Compliance Cd [m/N] Torsional compliance Cm [rad/Nm] 

Mechanical resistance Rd [Ns/m] Torsional resistance Rm [Nms/rad] 

Table 1: Analogies between translational and torsional systems 

 

Figure 3: Lumped equivalent network of the ideal permanent magnet synchronous machine valid 
for pulsating current excitation 
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1.2 Calculation of impedance curve of an ideal PMSM  

Let us express the electrical impedance of a motor on the basis of the equivalent network of Figure 3. 

Hereafter we will use Laplace-transforms instead of time functions according to the following definition: 

 ∫
∞

−=
0

)()( dtetxsX
st

 (5) 

Let us first examine, how the electro-mechanical transducer transforms electrical and mechanical 

impedances. Inserting Laplace-transforms of Equations (3) and (4) to the expression of electrical 

impedance, we get the following equation: 
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During the deduction we introduced the term of torsional mechanical impedance Zm(s) (a useful concept in 

description of torsional systems) which is simply the quotient of torque and angular velocity. 

As one can see, the motor transforms the impedance from one side to the other reciprocally, multiplied by 

the square of the transmission ratio. Using this relationship, we can derive the electric equivalent of the 

moment of inertia (Jr) of the rotating part of the motor, resulting in a condenser of capacitance Jr/T
2
(φ) 

(Figure 4). 

 

Figure 4: Electrical vibroacoustic equivalent network of ideal synchronous machine 

Therefore the electrical side impedance can be described as follows: 
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Note that the formula is equivalent to the impedance of a series RLC circuit. If we consider the expression 

as a transfer function, we face a problem since real physical systems may not have a transfer function 

which has a polynomial of higher degree of freedom in s in the denominator than that of the numerator. 

This contradiction arises from the fact that we did not pay attention to the stray capacities of the coils 

during the construction of the model, which obviously influences the high frequency behavior of the 

impedance curve fundamentally. A possible and simple workabout is to consider electrical admittance 

rather than impedance: 
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In this case the undamped natural frequency and damping factor of the complex-conjugated pole-pair 

indicated in the expression of admittance may be expressed in the following form: 

R L(φ) 

up(t) 

ip(t) 

Jr/T
2
(φ) 
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2 Vibroacoustic model of a non-ideal PMSM 

2.1 Derivation of the non-ideal motor model 

In the previous section we have introduced the vibroacoustic model of an ideal permanent magnet 

synchronous machine, which contains the moment of inertia of the rotating part, and the electro-

mechanical transducer describing the connection between the mechanical and electrical features of the 

motor. 

However, to rotate the shaft of a real permanent magnet synchronous machine a nonzero torque is 

required, even if no current is fed to the winding (i.e., the electric excitation of the system is zero). This 

torque is the result of the torque considered as proportional with the angular velocity caused by friction 

and other (e.g. magnetic) losses on one side, and of the so called cogging torque arising from the 

irregularity of the magnetic field of the motor on the other. 

The torque component being proportional to the angular velocity may be taken into account by a torsional 

mechanical damping element (see Rm in figure), however, the modeling of the effect of the cogging torque 

requires further considerations. 

Let us assume that the cogging torque varies as a cosine function of the angle, if no electric excitation is 

applied: 

 )cos(ˆ ϕpMM c =  (11) 

In Figure 5 one can see an example, where theoretical cogging torque of a four-pole machine is 

represented. 
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Figure 5: Theoretical cogging torque as a function of the angle in case of a four-pole machine 
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Constraining now our investigations to small angles of rotation around the stable positions of the rotor (i.e. 

where the cogging torque is close to zero), the cosine curve can be substituted by a linear function. This 

means that the cogging torque can be allowed for in the equivalent network by a spring of torsional 

compliance Cm(φ), being a function of rotor position too. Figure 6 shows the equivalent network extended 

by these two new components: 

 

Figure 6: Vibroacoustic model of a non-ideal permanent magnet synchronous machine 

2.2 Calculation of impedance curve of a non-ideal PMSM 

The expression of the impedance on the electric side can be calculated from this equivalent network as 

well. For this, the resulting impedance of the elements on the mechanical side should be determined first:  
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If we add the impedance of the electric elements, we get the equation below (note that we have omitted 

angle dependence for the sake of simplicity): 
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Similarly to the ideal model, we continue with the expression of the admittance:  
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For the calculation of the undamped natural frequencies we disregard the losses in (15), i.e. we insert  

R = 0 and Rm = 0: 
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From Equation (16) one can estimate the natural frequencies of undamped poles and zeros as follows: 
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and 
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Generally speaking one can draw the conclusion that any kind of components on the mechanical side of a 

motor affect the impedance as measured on the electrical side as well. This statement is really important, 

as it suggests that one can determine the mechanical loading impedance, attached to the shaft of the motor, 

from electrical impedance measurement, provided that an appropriate electro-mechanical model of the 

motor is available. 

3 Identification of model parameters with measured transfer 
functions 

In order to validate of the vibroacoustic model developed in Chapter 2 and to identify model parameters, 

one should measure both electric and mechanical impedances. In this chapter we review the applied 

measurement methods and show, how one can fit transfer functions to the results of those measurements. 

It will also be demonstrated, how model parameters can be matched to the parameters of fitted transfer 

functions, and eventually results obtained from the identification of a ten-pole PMSM will be presented. 

3.1 Measurement methods of mechanical and electrical impedance 

If one uses the direct definition of the torsional mechanical impedance, the torque acting on the rotor for a 

known angular velocity is to be determined. As the measurement of torque needs rather complex 

instrumentation, it is very likely that it can not be fulfilled without altering normal torsional conditions of 

the motor. As a result, the direct measurement of mechanical impedance can most probably be used with 

proper foresight only for the validation of the motor model. 

However, the motor model itself can be used for the measurement: as Equation (4) states that the torque is 

proportional to the current of the stator, by determining the current flowing across the motor we get a 

quantity which is proportional to the torque. 

The measurement of angular velocity by using conventional methods is rather challenging. Utilizing a 

special test setup (see Figure 7) however, tangential acceleration of the rotor can be determined by 

applying simple tools, provided that the motor is fed by AC current of relatively high frequency. As a 

consequence, rather then rotating normally, the rotor will only oscillate with small rotational amplitudes 

around its stable position determined by zero cogging torque. Another benefit of this measurement setup is 

that the accelerometer mounted on the shaft loads the torsional system minimally. 
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Figure 7: Test setup for measuring tangential acceleration of the motor shaft 

Finally, the angular acceleration of the torsional system can be calculated as the quotient of measured 

tangential acceleration and corrected radius between shaft and accelerometer axis. 

Now we should determine the relationship between mechanical impedance Hm(s)=β(s)/I(s) and the transfer 

function measured by the method mentioned above: 
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In order to get the final result, let us insert the mechanical impedance gained from the non-ideal transducer 

model (Equation 13) into Equation (19): 
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This expression has many advantages. First, Equation (20) describes a stable system (a second order high-

pass filter), therefore the model parameters can be estimated easily. On the other hand, beyond the 

electromagnetic transmission T(φ) it contains only mechanical parameters of the motor. 

In practice, we fed the stator by an audio current generator, recorded the voltage and current signals and 

angular acceleration by using a multichannel data acquisition system. According to Chapter 2.2, instead of 

electrical impedances we calculated electrical admittances from the recorded signals: 
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3.2 Transfer function estimation and parameter identification 

We fitted curves on both transfer functions: to Hm(s) related to mechanical impedance and also to He(s), 

which is equal to electrical admittance, by using the MATLAB System Identification Toolbox (Ident). We 

estimated the parameters of the Output Error (OE) model (minimizing the difference between identified 

and original system’s output signals) in the frequency domain [10]. 

As in Ident OE models the leading coefficient of denominator is equal to 1, one can express the transfer 

functions in the following forms: 
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We should realize that in both cases the number of estimated parameters is fewer by one than the 

unknowns to be determined. A possible explanation is that knowledge of the natural frequency of an 

undamped resonant system does not contain enough information about the parameter values of the system. 

This means that all the unknowns of the system can be calculated only if one is given. Here it is most 

efficient if one chooses the moment of inertia of the rotor as the given value, since it occurs in both 

models and does not depend on φ. Therefore the following equations yield the relationships between the 

transfer functions and model parameters: 

model parameters on the basis of Hm(s): 
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model parameters on the basis of He(s): 
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3.3 Display of identified parameters 

The presented method was validated for a ten-pole PMSM. Figures 8 and 9 present the measured and 

estimated Hm(s) and He(s) transfer functions, respectively, in four rotor positions. 

We checked the linearity of motor model on the basis of coherence functions for both Hm(s) and He(s) 

(Figure 10). Small displacements and the corresponding linearity assumed at the construction of the motor 

model are convincingly confirmed. (The noisiness of the coherence function corresponding to Hm(s) at 

rotor position 13.1707 ° will be explained later.). 

The identified parameters common to both Hm(s) and He(s) are summarized in Figure 11. Electromagnetic 

transmission, torsional compliance and torsional resistance are drawn as a function of the rotor position. 

The sinusoidal shape of the electromagnetic transmission and periodic changes of the compliance and 

resistance according to the number of poles can be readily observed. The electromagnetic transmission 

estimated from He(s) slightly differs from the one estimated from Hm(s), which can be explained by 

Equation (28): T(φ) is square root of an algebraic expression, therefore we gained the absolute value of 

T(φ), as compared to the foregoing. 

Figure 12 presents electrical parameters identified from transfer functions He(s). Measurement and 

identification uncertainties cause some position dependence in the calculated electrical resistance, and in 

accordance with previous expectations, the inductance shows sinusoidal dependence vs rotor position. 
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Figure 8: Measured and estimated transfer functions Hm(s) for various rotor positions 
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Figure 9: Measured and estimated transfer functions He(s) for various rotor positions 
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Figure 10: Measured coherence functions of Hm(s) and He(s) estimations for various rotor positions 
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Figure 11: Estimated parameters common to transfer functions Hm(s) and He(s) for various rotor 

positions 
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Figure 12: Electrical parameters estimated from transfer functions He(s) for various rotor positions 

Having estimated the electromagnetic transmission curve, we can now explain the noisiness of the 

coherence function of Hm(s) for rotor position 13.1707°. The reason is very simple: the electromagnetic 

transmission in that rotor position is very close to zero, therefore hardly any energy can be transferred to 

the mechanical side, resulting in poor signal-to-noise ratio and coherence.  

This simple, however substantial example shows, that when using this motor model for everyday problem 

solving, one should permanently keep in mind that the estimated model parameters are angular position 

dependent. 

4 Mechanical analysis of a typical rotor of a PMSM 

Hereafter we present some finite element simulation results, made by means of ANSYS Workbench 11. 

Figure 13 shows a possible mechanical construction of the rotor of a PMSM. For the nominal rotational 

speed range, that kind of rotor can be considered as a rigid body, but from a vibroacoustic point of view, 

the bridges between the shaft and poles cannot be considered to have infinite stiffness (Figure 14). 

 

 

Figure 13: Sketch of a possible mechanical 
construction of rotor of a ten-pole PMSM 

 

 

Figure 14: First torsional mode of the rotor. 

Finite stiffness of bridges, moment of inertia 
of poles and magnets, and moment of inertia 

of the shaft produce a resonance at 8140 Hz 

Magnet Pole 

Shaft Bridge 
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In order to complete the motor model presented in Chapter 2, we can build up the rotor by considering two 

moments of inertia and a torsional spring in between, instead of a single moment of inertia. The 

conclusion is that if the rotor comes into resonance, the magnitude of the electrical impedance suddenly 

increases, since at resonance point considerable amount of mechanical energy does oscillate in the system. 

Unfortunately, such a high frequency resonance cannot be detected neither in the magnitude, nor in the 

real part of the impedance due to the inductance considered in the equivalent network. 

A possible explanation is that the shaft-end of the motor is fixed for the simulations (see Figure 15). That 

way the natural frequency of the rotating part will be determined by poles and magnets of much larger 

moment of inertia (Figure 16). 

The conclusions mentioned above are only true if we assume that all cementations of magnets are 

appropriate, hence the assumption of a bonded, i.e. rigid, contact between poles and magnets is 

reasonable. In order to simulate potential fabrication problems such as inappropriate bonding of the 

magnets, the simulations were repeated also with some magnets which were connected to the poles on one 

side only. 

 

Figure 15: Fixation of the shaft-end in the 

simulation 

 

Figure 16: First torsional mode with fixed 

shaft-end at 706 Hz 

 

Figure 17: Decreased natural frequency at 

529 Hz – cementation is not satisfactory 
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Figure 18: Measured impedance curves by 

free and fixed shaft-ends 
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Magnets, in the absence of adhesive on their surface, can move along the poles, hence the natural 

frequency of the rotor decreases, in this case from the original value of 706 Hz to 529 Hz (Figure 17). If 

this frequency shift could somehow be detected in the impedance curve, it would be possible to control the 

quality of the cementation by using a simple impedance measurement. 

Figure 18 presents the impedance curve of the earlier introduced ten-pole PMSM in case of free and fixed 

shaft-end. Due to the fixation the low frequency peak in the impedance curve has disappeared; more 

precisely, it has shifted to the natural frequency of the rotor. Compared to the calculated 706 Hz natural 

frequency, the measured 390 Hz is the consequence of finite stiffness of the fixation. 

As the motor we have analyzed is in prototype phase (and all of the components are put together uniquely) 

we have not met a faulty rotor with unsatisfactory cementation, so we have not had the chance to validate 

the finite element model so far. 

5 Summary 

The main goal of the works reported herein was to develop a novel vibroacoustic torsional lumped 

equivalent network of a Permanent Magnet Synchronous Motor (PMSM), which accurately describes the 

behavior of synchronous machines in the case of pulsating current excitation and small angular 

displacement of the rotor. First we have introduced an ideal motor model based on physical 

considerations, than refined it with the vibroacoustic effect of cogging torque. As a result we have gained 

a model that can be applied in practice reliably. 

Furthermore, we presented new measurement techniques for quantifying electrical and mechanical 

impedances of a PMSM, and have demonstrated for a ten-pole machine that our motor model fitted well to 

the measured transfer functions, therefore it was possible to estimate the model parameters easily. 

Additionally, we revealed a possible practical application of the torsional model for diagnostic purposes. 

The problem at issue here is quality control of the cementation between the rotor poles and magnets. It 

was shown by means of numerical simulations, that the natural frequencies of the rotor decrease, when the 

cementation of the magnets are not satisfactory. We have also shown that as a consequence of the 

electromagnetic coupling between the electrical and mechanical subsystem of the motor, a shift occurred 

in the natural frequencies of the torsional system can also be detected in the measured electrical 

impedance vs frequency functions.  

As a summary, we proposed a new method for diagnostic purposes which is based on the idea of exciting 

torsional systems by using a PMSM as an electro-mechanical transducer. The method opens up new ways 

to develop fast and reliable testing procedures, which are readily applicable in series production.  
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